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PRINCIPAL BUNDLES UNDER A REDUCTIVE GROUP 


PETER O’SULLIVAN 


Abstract. Let fe be a field of characteristic 0. We consider principal bundles 
over a fc-scheme with reductive structure group (not necessarily of finite type). 
It is shown in particular that for k algebraically closed there exists on any 
complete connected fc-scheme a universal such bundle. As a consequence, an 
explicit description of principal bundles with reductive structure group over 
curves of genus 0 or 1 is obtained. 


1. Introduction 

In 1957 Grothendieck |Gro57] showed that if G is a complex Lie group with re¬ 
ductive Lie algebra, then principal bundles over the Riemann sphere with structure 
group G are classified by conjugacy classes of homomorphisms from the complex 
multiplicative group to G. This result is equivalent to a purely algebraic one in 
which the Riemann sphere is replaced by the projective line over C and G by a 
reductive algebraic group over C, and indeed C may be replaced by an arbitrary 
algebraically closed field k of characteristic 0. Modulo the classification of vector 
bundles on the projective line, Grothendieck’s result can be expressed as follows: 
the functor —) on reductive /c-groups up to conjugacy is representable. In 

this paper it will be shown that an analogous representability result holds in much 
greater generality, and in particular with replaced by an arbitrary complete 
connected fc-scheme X. 

To state the results more precisely, we need some definitions. Let fc be a held and 
G be an affine fc-group, i.e. an affine group scheme over k. We dehne a principal 
G-bundle over a fc-scheme X by requiring local triviality for the /pqc-topology. The 
set of isomorphism classes of such bundles over X will be written H^{X, G). When 
G is of hnite type and k is of characteristic 0, local triviality for the /pgc-topology 
is equivalent to that for the etale topology. We may regard H^{X,G) as a functor 
on the category of affine /c-groups up to conjugacy, in which a morphism from G' 
to G is an equivalence class of homomorphisms of /c-groups from G' to G under 
the action by conjugation of G{k). Recall that G is the hltered limit of its affine 
quotient fc-groups of hnite type. We say that G is reductive if each such quotient is 
reductive in the usual sense. Reductive fc-groups are not required to be connected. 
We now have the following result. 

Theorem 1.1. Let X be a scheme over an algebraically closed field k of charac¬ 
teristic 0 for which H^{X,Ox) is a henselian local ring with residue field k. Then 
the functor H^(X, —) on the category of reductive k-groups up to conjugacy is rep¬ 
resentable. 
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Explicitly, Theorem ll.ll states that there exists a reductive fc-group Go such that 
we have a bijection 

(1.1) Hom{Go,G)/G{k) ^ H\X,G) 

which is natural in the reductive fc-group G. Such a Gq is of course unique up to 
isomorphism. Taking the general linear group for G in cu gives a bijection from 
the set of isomorphism classes of representations of Go to the set of isomorphism 
classes of vector bundles on X. Since vector bundles in general have moduli while 
representations reductive groups of finite type do not, the fc-group Go thus cannot 
in general be of finite type. It also follows from (HID that the largest prohnite 
quotient of Gq is the algebraic fundamental group of X. The fc-group Go may be 
regarded as an algebraic analogue of the loop space of a topological space, as it 
plays a role formally analogous to that of the loop space in the homotopy category 
(see p[i56] and [Mll^ b 

It should be noted that some condition on X is necessary for Theorem 11.11 to 
hold. It follows for example from (HD that the Krull-Schmidt theorem must hold 
for vector bundles over X. 

For X = P^, the classification of vector bundles on X shows that the universal 
reductive fc-group Go is Gm, and we recover the algebraic form of Grothendieck’s 
Theorem. 

For X an elliptic curve over fc, the universal reductive fc-group Gq is the product 
of SL 2 with a central extension of fc-groups of multiplicative type. To describe it 
explicitly, write D{M) for the fc-group of multiplicative type with character group 
M. Then D{Q) contains the fc-subgroup 

lim/i„ = D{Q/Z). 

n 

The embedding of the torsion subgroup of Pic°(X) defines a fc-quotient of II(Pic°(X)) 
which may be identified with the algebraic fundamental group 


lim Ker nx 

n 


of X, where nx is the multiplication by n on X. We have a bilinear alternating 
morphism 


ux : I?(Pic°(X)) Xfe I?(Pic°(X)) ^ D{Cl) 


over fc, given by 

uxia,a') = e{a,a)~^, 

where the bar denotes the image in lim„ Kernx, 


e = lim e„ : lim Ker nx x k lim Ker nx —^ lim 

n n n n 

with Cn the Weil pairing, and the square root in I3(Q) is well-defined because D{Q) 
is uniquely 2-divisible. Now given commutative affine fc-groups G' and G' and a 
bilinear alternating morphism 

z-.G' XkG' ^ G", 


we have a central extension if G' by G" with underlying fc-scheme G" x G' and 
product given by 

The universal reductive fc-group for the elliptic curve X is then 


Cu 


Xk SL2. 
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This can be deduced from Theorem 11.11 using Atiyah’s classification of vector bun¬ 
dles on X. 

In general, an explicit determination of the /c-group Gq of dm does not seem 
possible. It is however possible to describe appropriate quotients of Gq. In partic¬ 
ular, under mild finiteness conditions, the quotient of Go by its semisimple part is 
an extension of the algebraic fundamental group of X by the protorus with group 
of characters the Picard group of the universal cover of X. When X is an elliptic 
curve for example, this quotient is Cux ■ 

Even when the /c-group Go is not known explicitly, its existence has strong 
consequences for principal bundles over X. The following theorem for example 
follows easily from (HU). 

Theorem 1.2. Let X and k be as in Theorem 11.11 G be a reductive k-group, and 
P be a principal G-bundle. Then any two reductive k-subgroups of G which are 
minimal among reductive k-subgroups to which the structure group of P can be 
reduced are conjugate in G. 

Theorem o no longer holds if the hypothesis that k be algebraically closed 
is dropped, even if A = Spec(fc). However if X has a fc-point x, and we write 
H^{X,x,G) for the subset of H^{X,G) consisting of the classes of those princi¬ 
pal G-bundles that have a /c-point above X, then the following modified form of 
Theorems o continues to hold. 

Theorem 1.3. Let X be a scheme over a field k of characteristic 0 for which 
H°iX,Ox) is a henselian local ring. Then for any k-point x of X the functor 
H^{X,x,—) on the category of reductive k-groups up to conjugacy is representable. 

For A = P^, the reductive fc-group that represents the functor of Theorem 11.31 
is again Gm- 

For A an elliptic curve, the reductive fc-group that represents the functor of 
Theorem ll.3l is again Gux XkSL 2 , provided that in the definition of Cux replace 
D(Pic°(A)) by the fc-group of multiplicative type D(Pic°(Ajr)) with Galois module 
of characters Pic°(A-j:), where k is an algebraic closure of k. 

In the general case, where neither k is algebraically closed nor A has a fc-point, 
it is possible to proceed by replacing principal bundles with groupoids. A groupoid 
over A is a fc-scheme K with source and target morphisms di and do from K to 
A, together with a composition 

K j^dQ K —^ AT 

which is associative and has identities and inverses. The target and source mor¬ 
phisms define on A a structure of scheme over A A, and the restriction of K to 
the diagonal is a group scheme over A. We have a category of groupoids over 

A up to conjugacy, where a morphism from A' to A is an equivalence class under 
conjugation by by cross-sections of A'^'®'®. The groupoid A is said to be transitive 
afSne if it is affine and faithfully flat over A x^, A. Any principal G-bundle P over A 
gives rise to a transitive affine groupoid Iso.^(P) over A, whose points in a fc-scheme 
S above (ccq , Xi) are the isomorphisms from P^.^ to Pxq of principal G-bundles over 
Ag. On the other hand the fibre above a fc-point a: of A of the source morphism of 
a transitive affine groupoid A is a principal bundle under the fibre of A'^*®'® above 
X. A transitive affine groupoid A over A will be called reductive if the fibres of 
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^diag reductive. Then we have the following result, which can be shown to 
contain Theorems o and fOl 

Theorem 1.4. Let X be a scheme over a field k of eharacteristic 0 for whieh 
H\X, Ox) is a henselian local ring with residue field k. Then the category of 
reductive groupoids over X up to conjugacy has an initial object. 

For the formulation of general theorems, it is simple and convenient to work with 
groupoids over X as in Theorem 1 1.41 but this does not directly give a description of 
principal bundles over X. However an equivalent form of Theorem [T^l analogous to 
Theorem 11.11 can be obtained by replacing the reductive fc-groups of Theorem 11.11 
by reductive groupoids over the spectrum of an algebraic closure of k. 

Fix an algebraic closure k of k. Groupoids over Spec(A:) will also be called 
groupoids over k/k. A notion of principal bundle on a fc-scheme X under a transitive 
afhne groupoid F over k/k can be defined, and the isomorphism classes of such 
bundles form a set H^{X, F). If is the constant groupoid over k defined by the 
afhne /c-group G, then 

i7i(A,G) = Ffi(A,G[^]). 

In contrast to the case of afhne fc-groups, the set H^{X, F) for F a transitive afhne 
groupoid over k/k may be empty. When X has a /c-point, H^{X,F) is non-empty 
if and only if F is constant. The following is an equivalent version of Theorem ll.41 

Theorem 1.5. Let X be as in Theorem 11.41 and k be an algebraic closure of k. 
Then the functor F[^{X, —) on the category of reductive groupoids over k/k up to 
conjugacy is representable. 

Theorem ll.SI leads to a description of principal bundles under a reductive fc-group 
over X, in the following way. We consider pairs (G, E) with D an afhne fc-group 
and E an extension of topological groups 

1 D{k)-j: —>■ G —>■ Gal(A:/fc) —)• 1, 

where the group D{k)-j: of /c-points over k is given the pro-discrete topology dehned 
by the quotients of D of hnite type, and where the following condition is satished: 
conjugation of D(k)j by an element of E above a in Gal(fc/fc) arises from an 
automorphism of the scheme D above the automorphism a~^ of k. Such pairs will 
be called Galois extended fc-groups. It will be shown that there is an equivalence 
from the category of transitive afhne groupoids over k/k to the category of Galois 
extended A:-groups, which sends A to a pair {D,E) with D — In particular 

G[-^j is sent to 

(Gfc,G(fc) X Gal(fc/fc)). 

For X as in Theorem 11.41 there then exists a pair {Dq,Eq) with Dq reductive such 
that we have a bijection 

(1.2) Hom((Go,Fo),(G^,GCfc) x GalCfc/fc)))/G(:fc) ^ G) 

which is natural in the reductive fc-group G. If X is quasi-compact, the hypothe¬ 
ses of Theorem o are satished with X and k replaced by X-^ and k, and Dq is 
the A:-group that represents the functor H^{X-^,—) on reductive fc-groups up to 
conjugacy. 

When k = k is algebraically closed, (11.211 reduces to (11.111 . When X = Spec(/c), 
the A:-group Dq of (USD is trivial, and the set on the left of (HU is the set of splittings 
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of the extension G{k) xi Gal(fc/fc) modulo conjugation by G{k), or equivalently, of 
continuous 1-cocycles of Gal(fc/fc) with values in G{k) modulo 1-coboundaries. In 
general, each fc-point of X defines a splitting of the extension Eq up to conjugation 
by D[j{k)j, so that Eq is an obstruction to the existence of a fc-point of X. The 
push forward of Eq obtained by factoring out the identity component of Dq is the 
the arithmetic fundamental group of X. 

Let X be a curve over k of genus 0. Then (HID holds with Dq = and Eq 

the extension of Gal(fc/fc) by k* given by the class of the Severi-Brauer variety X 
in the Brauer group iL^(Gal(A:/fc), k*) of k. 

Let X be a curve over k of genus 1. Then X is a principal homogeneous space un¬ 
der its Jacobian Xg. We may identify the Galois modules Pic°(X'j:) and Pic°(Xo^), 
because choosing a fc-point of X defines an isomorphism between them which is 
independent of the choice by translation invariance of Pic*^. Then we may form the 
fc-group Gux as above with Il(Pic°(X)) replaced by Zl(Pic°(X-j:)) and Kernjc by 
Ker nxg ■ For each n 7 ^ 0 there is a short exact sequence of topological groups 

_ n^, _ _ 

( 1 . 3 ) 1 —> Gux (^) -1 Gux (^) Xo(fc)„ —>■ 1 

with Uux the fc-homomorphism defined by the power on the factor I?(Q) of 
Gux and the power n on the factor I?(Pic°(X|:)). Now for some n, the class of 
X in the Weil-Chatelet group iL^(Gal(A:/fc), Xo(fc)) of Xg is the image of an el¬ 
ement an of H^{Gal{k/k),X{k)n)- Then p.2l) holds with Dq = {Cux)k ^0 
an extension whose class is given up to to an appropriate group of automorphisms 
of Gux (^) by the image of a„ under the connecting map in a (non-commutative) 
exact cohomology sequence for (IL3D- 

The theorems above are proved by considering the category Mod(X) of vector 
bundles over X. It is a fc-linear category with a tensor product. For G reductive, 
principal G-bundles over X may be identified with fc-linear tensor functors from 
the category of representations of G to Mod(X). With the conditions on X above, 
Mod(X) has a unique maximal tensor ideal, and it can be shown that its quotient 
Mod(X) by this ideal is a semisimple Tannakian category over k. The universal 
reductive fc-group of Theorem 11.11 for example is then characterised by the prop¬ 
erty that its category of representations is equivalent as a Tannakian category to 
Mod(X), and similarly for Theorems 11.31 fL4l and ITTSl 

The fundamental tool for proving the required universal properties is the splitting 
theorem for tensor categories of Andre and Kahn [AK02] fsee also [O’SOSj l. or more 
accurately a slightly more general form of this result proved below. It will follow 
from this result that the projection from Mod(X) to Mod(X) has a splitting. This 
splitting gives a fibre functor from Mod(X) with values in X, and from this we 
obtain the required universal objects. 

The version of the above theorems proved below is in fact a rather more general 
one. We start with a groupoid El (not necessarily transitive affine) over X or more 
generally what will be called a pregroupoid over X, and consider principal bundles 
over X with an action ol H , or transitive affine groupoids over X with a morphism 
from H . For appropriate H, we then obtain a classification of equivariant principal 
bundles, or of principal bundles equipped with a connection. In this more general 
form. Theorem 11.41 contains the generalised Jacobson-Morosov theorem of [AK02| 
and |O’S10| . by taking X = Spec(A:) and for H an affine fc-group. 
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The paper is organised as follows. Sections [2] to |6] give the basic definitions for 
groupoids, pregroupoids and principal bundles. It is technically convenient here 
to work in the category of schemes over a base. In Sections [7] to [11] we specialise 
to the case where the base is a field k. From Section on, we assume that k 
has characteristic 0. In Sections m and m the transitive affine groupoids that 
contain a reductive sungroupoid are characterised. The splitting theorem, in the 
form required, is proved in Section fCT The main theorem, the existence of universal 
reductive groupoids, is proved along with its corollaries in Section [121 These are 
then applied to principal bundles in Section [121 and further applications are given 
in Sections nil andjlSl Finally an explicit description of principal bundles under a 
reductive group over curves of genus 0 or 1 is given in Sections [H] and |20l 

2. Groupoids and pregroupoids 

This section contains the basic definitions and terminology for groupoids and 
pregroupoids, which will be used throughout the paper. For this foundational 
material, it is convenient to work initially in an arbitrary category C with fibre 
products, and to specialise later to the case where C is the category of schemes over 
a base. 

Write A 2 for the category with objects the ordered sets [0] = {0}, [1] = {0,1} 
and [2] = {0,1,2}, with morphisms the injective order-preserving maps between 
them. A contravariant functor from A 2 to a category C will be called a pregroupoid 
in C, and a natural transformation of such functors a morphism of pregroupoids in 
C. The image of an object or morphism in A 2 under a pregroupoid will usually be 
written as a subscript. A pregroupoid H in C thus consists of objects i?[o], 7^[i]j 
H[ 2 ] in C and morphisms 

Hio] i7[i] H\2] 

satisfying the evident compatibilities. We write 

di . y 

for with : [n — 1] —>■ [n] the map whose image omits i, and occasionally 

Gz : H[o] 

for Hg. with Si : [0] [n] the map whose image is i. For n = 1 we have Cq = di 

and Cl = do- To every pregroupoid H there is associated a pregroupoid 

Tjop 

for which coincides with id[„] and di : ^ (id°P)[„_i] with dn-i ■ 

H[n] H[n-1]- 

Recall that a groupoid is a category in which every morphism is an isomorphism. 
We may regard a groupoid AT as a set K[q] of objects, a set Ar[i] of arrows, a source 
map di from iF[i] to Af[o], a target map do from ATp] to Af[o], and a composition 
map o from the set of composable arrows 

(2-1) K[1] x<JiA[0]‘^0 K[1] 

to Af[i], such that the composition is associative and left and right identities and 
inverses exist for it (necessarily uniquely). A morphism of groupoids is then a 
functor between their underlying categories. Explicitly, a morphism from K to K' 
consists of maps Ar[o] AT^o] and ATp] ATq] which commute with the source. 
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target and composition maps. Such a morphism necessarily preserves identities and 
inverses. 

Let C be a category with fibre products. A groupoid K in C consists of objects 
ATjq] and ATfij of objects and arrows in C, source and target morphisms di and do 
from to A'[o], and a morphism o from the fibre product (|2.1I) to such that 
the points in any object of C form a groupoid. A morphism K —>■ K' of groupoids 
in C is a pair of morphisms ATjoj —>■ AT'o] and ATji] —>■ K'[i\ which define on points of 
any object of C a morphism of groupoids, or equivalently which commute with the 
morphisms doi di, and o. 

Let X be an object of C. By a groupoid over X we mean a groupoid K 'mC with 
ATjo] = X. X morphism K' ^ K oi groupoids over A is a morphism of groupoids 
from K' to K for which AT'jq] —>■ ATjoj is the identity lx- The category of groupoids 
over X is thus a subcategory, in general non-full, of the category of groupoids in C. 
A groupoid over X will usually be denoted by its object of arrows. 

Any groupoid AT in C may be regarded as a pregroupoid in C by taking for ATp] 
the object (ED, with the morphisms do, di and d 2 from K\^2] to ATji] respectively the 
first projection, the composition and the second projection. A morphism K ^ K' 
of groupoids in C then extends uniquely to a morphism of pregroupoids in C, with 
K\^ 2 ] —t Ar'[ 2 ] the fibre product of morphisms ATji] —)• ATq] over ATjoj —>■ K\o]- Thus 
we obtain a fully faithful functor from groupoids in C to pregroupoids in C. Any 
pregroupoid in the essential image of this functor will also be called a groupoid, 
so that the category of groupoids in C may be regarded as a full subcategory of 
that of pregroupoids in C. A morphism from a pregroupoid to a groupoid in C is 
completely determined by its components at [0] and [1]. 

Let X be an object of C. By a pregroupoid over X we mean a pregroupoid H in 
C with iJ[o] = X. A morphism id' id of pregroupoids over A is a morphism of 
pregroupoids from H' to H for which ii'[o] —>■ ii[o] is the identity lx- The category 
of pregroupoids over A is thus a subcategory, in general non-full, of the category 
of pregroupoids in C. It contains as a full subcategory the category of pregroupoids 
over A. If C has an initial object, then the category of pregroupoids over A has 
an initial object, with ii[i] and ii[ 2 ] initial. We write it simply as A. If C has 
a final object, then the category of prehroupoids over A has a final object, with 
id[„] = A" and the di given by projections. It is a groupoid which we write as [A]. 

Recall that a fibred category A (in the sense of [Gro62) l over C is the assignment 
to every object A of C of a category Xx, the fibre above A, to every morphism 
/ : A' —>■ A of a pullback functor f* from Tx to Tx ', and to every composable pair 
of morphisms /' and / of a pullback isomorphism from {f o f')* to /'*/*, satisfying 
the following conditions: if / is the identity then /* is the identity; if either /' or 
/ is the identity then the associated pullback isomorphism is the identity; if /", /' 
and / are composable, then the two isomorphisms from (/ o /' o /")* to f"* f'* f* 
defined using the pullback isomorphisms coincide l |Gro62[ 190-02]). 

As an example, we have the fibred category over C of relative objects, with fibre 
above A the category C/A of objects in C over A, pullback functors given by fibre 
product and pullback isomorphisms by uniqueness up to unique isomorphism of fibre 
products. It will always be assumed in what follows that the fibre products XxxX' 
and A' Xx A coincide with A'. This ensures that the identity conditions for a fibred 
category are satisfied in this example. If C is the category of ringed spaces, we may 
take for the fibre above A the category of Ox-modules, with pullback functors 
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given by the usual inverse image and pullback isomorphisms by uniqueness up to 
unique isomorphism of left adjoints. 

H he a. pregroupoid over X in C. Given s fibred category T over C and an object 
Z in Tx = , an action of H on Z is an isomorphism 

a : diZ ^ doZ 

in such that if for i = 0,1, 2 we write for the morphism 

{di o d^)*Z ^ d*di*Z d*do*Z ^ {do o d^)*Z 
in Xhy 2 ] defined using the pullback isomorphisms, then 

CX\ = OlQ O 0^2 • 

Given also Z' in Tx with an action a' of H^ a morphism from Z' to Z is a morphism 
f ■. Z' ^ Z in Tx such that a o dff = do*f o a'. If C has an initial object and 
H is the initial pregroupoid X over X, then the category of objects in Tx with an 
action of H may be identihed with Tx- 

When T is the hbred category over C of relative objects, an object in Tx with 
an action of H will also be called an i7-object. 

An object J in C equipped with a source morphism di and a target morphism 
do from J to A" will be called a graph over X. Thus for example i/[i] is a graph 
over X. For any graph J over X, it will always be assumed, unless the contrary is 
stated, that 

J Xx X' = J Xct.x X' 

for J on the left of a fibre product over X, and 

X ^x J ~~ Ti ^x'^o 

for J on the right of a fibre product. In particular this will be assumed for 
An iJ-object is the same as an an object X ' over X in C and a morphism 

XxX' ^ X' 

over X, where iJ[i] Xx X' is regarded as a scheme over X by composing the pro¬ 
jection onto i?[i] with do? such that the morphism 

id[i] XX X' ^X' Xxhl[i] 

over iJ[i] defined by a is an isomorphism, and such that the diagram 
id[2] XeoxAT' XxX' X' 

{dQ,d-2)x xX' 

/d[l] XX H[l] XX X' XX X' X' 

commutes. 

Let id be a pregroupoid over X and X' be an id-object. Then with idp] regarded 
as a scheme over X using cq, there is a unique pregroupoid id' over X' with 

{ H ')[ n \ = id[„] Xx X ' 

for n = 0,1,2, such that 

(1) the projections (id')[„] —>■ id[„] dehne a morphism id' id, 

(2) Co : (id')[n] at' is the projection for each n, 

(3) do : (^0[i] ^ is the action of id on AT'. 
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We write this pregroupoid H' as 


H Xx X'. 


It should be noted however that H Xx X' is not the hbre product of pregroupoids, 
and that even when C has an initial object, there is in general no morphism from H 
to the initial pregroupoid X over X. If i? is a groupoid then H XxX' is a groupoid. 
There is an evidently defined functor H Xx — from i/-objects in C to pregroupoids 
in C equipped with a morphism to H. It is fully faithful, with essential image those 
H ^ H such that the square 


Hu 




-A Hu 




Hu 




■A Hi, 


is cartesian for every : [n] —> [m] in A 2 . 

Suppose that C has a hnal object. We define the pullback of a pregroupoid H 
over X along X' ^ X as the hbre product 


Hx^x] [X'] 

in the category of pregroupoids in C. It H is a groupoid then H X[x] [X'] is a 
groupoid. If X' has a structure of i/-object, there is a canonical morphism 


HxxX' ^Hxyx] [^'] 

of pregroupoids over X', with components the canonical morphism of pregroupoids 
from HxxX' to H and the unique morphism of pregroupoids over X' from H XxX' 
to [A']. 

Suppose now that C is the category of schemes over a scheme S. Let iL be a 
pregroupoid over X in C. Then an iL-object will also be called an H-scheme. By 
an H-subscheme of an iL-scheme X' we mean a subscheme X" of X such that 
the action of H on X' restricts to an action of H on X". Such an X" has a 
unique structure of iL-scheme for which embedding is a morphism of iL-schemes. 
An iL-subscheme of X' is the same as an {H Xx A')-subscheme of the hnal H Xx 
A'-scheme X'. 

Let K he a groupoid over X. By a subgroupoid of K we mean a subscheme 
K' of K such the composite of any two composable points of K' lies in K', the 
identities of K lie in K', and the inverse of any point of K' lies in K'. Such a K' 
has a unique structure of groupoid over X for which the embedding is a morphism 
of groupoids over X. The inverse image of the diagonal X of A X 5 A under the 
morphism {do,di) from A to A X 5 A is a subgroupoid 

^diag 


of A, and the composition dehnes on it a stucture of group scheme over A. 

Let A be a scheme. We write 

MOD(A) 

for the category of quasi-coherent Ojf-modules. Locally free Ox-modules of hnite 
type will also be called vector bundles over A. We write 

Mod(A) 
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for the full subcategory of MOD(X) of vector bundles over X. Then we have fibred 
categories MOD and Mod over the category of schemes over S with respective 
fibres MOD(X) and Mod(X) above X, and with pullback functors and pullback 
isomorphisms the same as those for ringed spaces above. Given a pregroupoid H 
over X, we write 

MODh(X) 

for the category of i7-objects in MOD. An object of MOD//(A) will also be called 
an H-module. We write 

Mod//(A) 

for the category of iJ-objects in Mod. An object in Mod//(A) will also be called a 
representation of H. 

We may regard Ox as a representation of H, with the action of H, modulo the 
canonical isomorphism from OH^^ to d*Ox, the identity. For every iJ-module V, 
we write 

H%{X,V) 

for the subgroup of H^{X, V) consisting of those sections s for which the action of 
H sends dfs to do*s. It is an Ox)-submodule of i7°(A, V), which may be 

identified with the group of homomorphisms of i7-modules from Ox to V. 

3. Transitive groupoids 

This section contains the basic definitions and terminolonology for the fpqc 
topology and for transitive affine groupoids, which are closely related to principal 
bundles. It is technically convenient to work here in the category of schemes over 
a arbitary base, although for the applications later the base will be the spectrum 
of a field. 

A morphism of of schemes X' —>■ X will be called an fpqc eovering morphism 
if every point of X is contained in an open subscheme C/ of A such that there 
exists a faithfully flat quasi-compact morphism [/'—>[/ which factors through the 
restriction of A' —> A to the inverse image of U. 

The property of being fpqc covering is local on the target. Any faithfully flat 
quasi-compact morphism is fpqc covering. If A' is the disjoint union of a family 
of open subschemes covering A, then X' —>■ A with components the embeddings is 
fpqc covering. The composite of two fpqc covering morphisms is fpqc covering. If 
Z' ^ Z \s the pullback of A' —^ A along Z ^ X, then Z' ^ Z is fpqc covering if 
A' —> A is, and the converse holds when Z —> A is fpqc covering. If A' —> A factors 
through an fpqc covering morphism X" —>■ A, then A' —^ A is fpqc covering. 

Let A' —>■ A be an fpqc covering morphism. Then the pullback functors induced 
by A' —> A from quasi-coherent Ox-modules to quasi-coherent Ox'-modules, and 
from schemes over A to schemes over A', are both faithful. A quasi-coherent Ox 
module is locally free of finite type if and only its pullback onto A' is locally free 
of finite type, and a scheme over A is affine if and only if its pullback onto A' is 
affine. 

An [A]-module is a quasi-coherent Os-module equipped with a descent datum 
from A to S', and an [A]-scheme is a scheme over A equipped with a descent datum 
from A to S. We have faithfully flat descent for modules and for affine schemes 
and their morphisms: if A —^ S is fpqc covering, then pullback along A —> S 
induces an equivalence from quasi-coherent Os-modules to [A]-modules, and from 
schemes affine over S to affine [A]-schemes. We also have faithfully flat descent for 
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morphisms of schemes: if X —>• S' is fpqc covering, then pullback along [X] S 
induces a fully faithful functor from schemes over S to [X]-schemes. These descent 
properties are contained in Lemma 13.21 below as the case where H = X = S. 

For the proof of Lemma [3^ and elsewhere, the following fact about pullbacks of 
groupoids will be useful. Let iL be a groupoid over X and h be a point of iF in a 
scheme Z over S. If we write Ki for the pullback of K along di{h) : Z ^ X, then 
conjugation with h defines an isomorphism 

(3.1) Ph--Ki^ Ko 

of groupoids over Z. For V a /sT-module, the action of /i on V then defines an 
isomorphism of i^i-modules 

(3.2) 

which is natural in V. There is is similar natural isomorphism for if-schemes. 

A groupoid K over X/S will be called transitive if both the structural morphism 
of X and 

{do,di) : K —>■ X Xs X 

are fpqc covering morphisms. 

Lemma 3.1. Let K be a transitive groupoid over X/S and a : X' X be a mor¬ 
phism with X' ^ S fpqc covering. Then there exist an fpqc covering morphism 
b : Z ^ X, a retraction b' : Z ^ X', and an isomorphism ip of groupoids over Z 
from the pullback Ki of K along aob' to the pullback Kq of K along b, with the fol¬ 
lowing property: the pullback functor along aob' from K-schemes (resp. K-modules) 
to Ki-schemes (resp. Ki-modules) is naturally isomorphic to the pullback functor 
functor along b composed with restriction along ip : Ki Kq. 

Proof. Take for Z the fibre product of K with X Xs X' over X Xs X. It h : Z ^ K 
and {b,b') : Z ^ X Xs X' are the projections, then b is fpqc covering and b' has 
a right inverse whose component at AT is o composed with the identity of K and 
whose component at A" x s AT' is (a, Ix'). Also fio(^) = b and di{h) = b' o a. li p is 
the isomorphism ph of then (13.211 gives the required natural isomorphism. □ 

Lemma 3.2. Let H be a pregroupoid over X and H' be the pullback of H along 
X' X. Suppose either that X' X is fpqc covering or that there is a scheme 
S and a structure on X of scheme over S such that X' S is fpqc covering and 
H is a transitive groupoid over X/S. Then pullback along X' —^ X induces an 
equivalence from H-modules (resp. representations of H, resp. affine H-schemes) 
to H'-modules (resp. representations of H', resp. affine H'-schemes), and a fully 
faithful functor from H-schemes to H'-schemes. 

Proof. We need only consider the case where Ai' —>■ X is fpqc covering: the other 
case follows from this one by applying it to the morphisms b and b' of Lemma l3.ll 
Consider the following three types of morphism: 

(A) a faithfully flat quasi-compact morphism, 

(B) a surjective morphism whose source is a disjoint union of open subschemes 
U of its target, with restriction to each Lf the embedding, 

(C) a retraction. 

Since A"' —)• A" is fpqc covering, there is a composite X" X ot& morphism of type 
I (A) I with one of type|(B)] which factors through X' ^ X. Taking the fibre product 
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of X' and X" over X we obtain a commutative square with one side X' ^ X, two 
sides the composite of a morphism of type |(A)| with one of typ e|(B)[ and one side 
of type |(C)| Thus we may suppose that X' —>■ X is of type (A)[ (B)| or |(C)| 

Suppose first that H = X, so that H' = [X']x and we are to prove that faithfully 
flat descent holds for X' —>■ X. In case |(A)| this follows from |SGA711 VIII I.l, 
2.1 and 5.2]. In case 


subschemes. For (C) 


(B) 


it follows from gluing of modules or schemes along open 
note that if e : X' —>■ X' is the composite of X' —>■ X with a 
right inverse, then by (13.21) with X'/X for X/S', X' for Z, [X']x for X, and (Ix', e) 
for h, the endofunctor on [X']x-modules or of [X'jx-schemes defined by pullback 
along e is isomorphic to the identity. 

For arbitrary H, we have a commutative square of groupoids 


[X']a -^ H ' 

(3.3) 

X -^ H 



defined by pullback along X —>■ X. We show that pullback induces an equiva¬ 
lence from iJ-modules to iJ'-modules. The cases of representations of H and of 
X-schemes are similar. 

Let V and W be iL-modules. Since iL qj —>■ iJqj is fpqc covering, any morphism 
of Ox-modules V —)■ W whose pullback along X' —>■ X is a morphism of iL'-modules 
is a morphism of X-modules. The required full faithfulness thus follows from (13.31) 
and the case where H = X. 

By the case where H = X, the restriction of any iL'-module to [X']x is isomor¬ 
phic to pullback along X' —>• X of a quasi-coherent Ox-module. For the required 
essential surjectivity, it is thus enough to prove the following: given a quasi-coherent 
Ox-module V with pullback Vx' onto X', any structure 


a' : dCVx' ^ do*Vx' 

of iJ'-module on Vx' with underlying [X']x-module the pullback of V along X' —>• 
X is the pullback along TJp] —>■ H[i] of an isomophism of Oijj^j-modules 


a : diV 





do*V. 


Indeed since —>■ H[ 2 ] is fpqc covering, the required compatibility for a will 

follow from that for a'. 

Let h be a point of iL[i] in some scheme, and 

h' = {h,x'Q,x'i) 

be a point of X qj lying above h. Modulo the canonical pullback isomorphisms, the 
pullback of a' along h' is an isomorphism 


a'h' 


V, 


di(h) 


V, 


do{h)■ 


Since X' —>• X is of type (A)[ (B)| or [(C)| so also is iLqj —>■ H^ij. By the case where 
H = X with H[i] for X and pj for X', the required a will thus exist provided 
that a' is a morphism of -modules, i.e. provided that a'h' is independent 

of h' above h for any given h. 

If x' and y' are points of X' lying above the point x of X, then (y'(^so{x),x' ,y') 
is the identity, because the restriction of a' to [X']x is the pullback isomorphism. 
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Also if j' is a point of , then 

^doW) °^d2ij') ~ 

by the compatibility condition for a'. Taking {so{h),x'o,y'o,x'i) for j' shows that 
a'h’ does not depend on x'o, and taking {si{h),x'o,x'i,y'i) for j' shows that it does 
not depend on x'l. □ 

Let r be a contravariant functor T from schemes over S to sets. We say that T 
has the descent property if for every fpqc covering morphism Z' ^ Z oi schemes 
over (S', the diagram 

T{Z) -^ T{Z') - T{Z' Z') 

defined hy Z' ^ Z and the projections from Z' Xz Z' is an equaliser diagram. If 
T is representable, then it has the descent property: apply the full faithfulness of 
Lemma 151^ with X = S = Z and H = \Z'\ to Homz(Z, Wz) for W over S. 

Given a contravariant functor T from schemes over S to sets and a scheme S' 
over S, write T/gi for the functor on schemes over S' with 

T^S'{Z')=T{Z') 

Similarly, given a natural transformation ^ : T' ^ T, write ^/s' for the natural 
transformation T'/gi T/gi with 

(C/S')z' = ^Z'- 

We have T/g = T, and {T/gi)/gii = T/gn for a scheme S" over S'. If T' is the 
functor represented by Z over 5, then T/gr may be identified with the functor 
represented by Zg/ over S', and with this identification, if ^ : T' —>■ T corresponds 
to z in T{Z), then ^/gi corresponds to z' in T/gi{Xgi) = T{Xgi) where z' is the 
image of z under T applied to the projection Zgi Z. If T and T' have the descent 
property. S' ^ S is fpqc covering, and f,/gi : T'/g^ T/gr is an isomorphism, then 
^ : T' —T is an isomorphism: for any Z over S, the projection from Zgi gives an 
fpqc covering morphism Z' ^ Z over S with Z' a scheme over S", so that f^z is 
bijective because ^z' and iz'^zZ' are. 

Lemma 3.3. Let S' be a scheme over S and T be a contravariant functor from 
schemes over S to sets. Suppose that S' ^ S is fpqc covering, that T has the 
descent property, and that T/gr is representable by a scheme affine over S'. Then 
T is representable by a scheme affine over S. 

Proof. Let Z' be a scheme affine over S' which represents T/gr, and z' in T/gr{Z') = 
T{Z') be the universal element. Write Z'q and Z'\ for the pullbacks of Z' along the 
projections S' xg S' ^ S, and z'i for the image in T/(s/xgS')(-^j) = T{Z'i) of z' 
under T applied to Z'i Z' . Then Z'i represents with universal element 

z'i. Thus there is a unique isomorphism 

a-. Z'l^ Z'q 

over S' xg S' such that T{a) sends zq to z'l. Further a satisfies the compatibility 
condition required for a structure of [S"]-scheme on Z'. 

By Lemma 13.21 we have an [S'']-isomorphism u : Zgr — Z' for some scheme 
Z affine over S. Then Zgr represents T/gr with universal element T(u){z'). The 
images of T{u){z') under T applied to the projections 
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coincide, because T{a) sends z'o to z'l. Since T has the descent property, T{u){z') 
is thus the image under T applied to Zs' Z of a (unique) z in T{Z). Then Z 
represents T with universal element z, because if ^ is the natural transformation 
that corresponds to z, then corresponds to T{u){z'). □ 

Let K he a groupoid over X/S. If X' is a X-scheme and s : X —>■ X' is a cross- 
section of X' over X, then the points v oi K such that v sends s{di{v)) to s{do{v)) 
are those of a subgroupoid of K, which may be identified with the pullback 

{K XX X')[x'][X] 

of K Xx X' along s. We call this subgroupoid the stabiliser of s. 

A AT-scheme X' will be called transitive if the groupoid K Xx X' over X'/S is 
transitive. The stabiliser of any cross-section of a transitive AT-scheme is a transitive 
subgroupoid of AT. 

Let AT be a transitive affine groupoid over X/S and AT' be a transitive affine 
subgroupoid of AT over X/S. Then a pair (Y, y) consisting of a transitive AT-scheme 
Y and a section y of Y over X with stabiliser K' will be called a quotient of K by 
AT'. If Z is a AT-scheme and z is section of Z over X which is stabilised by AT', then 
we have a commutative square 

AT Xx AT' -^ AT 

1 

K Z 

with p the restriction of the action of AT on Z to the subscheme K of K Xx Z 
defined by z, and the top and left arrows the composition and the first projection. 
When (Z, z) = {Y, y), the square is cartesian because AT' is the stabiliser of y, and p 
is is an fpqc covering morphism because AT acts transitively on Y, so that p is the 
coequaliser of the top and left arrows. Thus {Y, y) is initial in the category of pairs 
(Z, z). In particular {Y,y) is unique up to unique isomorphism. We write K/K' 
for Y and call y the base section of AT/AT'. When X = S, the notion of quotient 
AT/AT' coincides with the usual one of group schemes over S. 

In general, the quotient K/K' need not exist, even if AT = S' and S is the 
spectrum of a field. When AT/AT' exists, restricting the action from AT to 
shows that the quotient A'‘^''^s/AT''^*®'S of group schemes exists and coincides with 
K/K'. Conversely when A'‘^''^s/^'diag grists, the action on it of AT'^*®'® extends 
uniquely to an action of K, and AT‘^*®'S/A''‘^'''S jg then the quotient K/K'. This can 
be seen by reducing first, using faithfully flat descent of morphisms and appropriate 
base change and pullback, to the case where AT' and hence K is constant and X/S 
has a cross section. In particular, if AT is the spectrum of a field and K is of finite 
type, then K/K' always exists. 

The quotient K/K' is preserved when it exists by base extension and pullback. 
Conversely if the quotient of either the base extensions along an fpqc covering 
morphism or the pullbacks along some morphism exists and is affine, then K/K' 
exists and is affine. In particular, if AT is the spectrum of a field k and AT is of finite 
type, it follows in the usual way that if the quotient of the fibre of AT by the fibre 
of AT' at some point in an extension of k of the diagonal is affine, then AT/AT' exists 
and is affine. This holds in particular if k has characteristic 0 and AT' is reductive. 
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4. Torsors 

This section and the two following contain the foundational material that will be 
required on torsors and principal bundles. The notion of a torsor under an affine 
group scheme is an absolute one. When working over a base scheme, principal 
bundles are the torsors under constant affine group schemes. 

Let X be a scheme and J be an affine group scheme over X. A right action of 
J on a scheme P over is a morphism 

(4.1) PxxJ^P 

over X which satisfies the usual unit and associativity conditions. A scheme 
equipped with a right action J will be called a right J-scheme. We have a cat¬ 
egory of right J-schemes, whose morphisms are those morphisms of schemes over 
X which are compatible with the action of J. The composition of J defines a 
structure of right J-scheme on J. A right J-scheme will be called trivial if it is 
isomorphic to J. Pullback along a morphism X' ^ X defines a functor —x’ from 
right J-schemes to right Jx'-schemes. A morphism Jx' Px> of right Jx'-schemes 
may be identified with a section of P in X' over X. Taking in particular X' = P, 
corresponding to the identity of P there is a canonical morphism 

(4.2) P xx J ^ P xx P 

of right Jp-schemes, with first component the first projection and second component 
the action gH). 

Let J : J —>■ J' is a morphism of affine group schemes over X. Then we have 
a restriction functor along j from right J'-schemes to right J-schemes. If P is a 
J-scheme and P' is a J'-scheme, then a morphism q : P ^ P' oi schemes over 
X will be said to be compatible with j if it is a morphism of J-schemes from P 
to the restriction of P' along j. It is equivalent to require that q x j composed 
with the action of J' on P' coincide with the the action of G on P composed with 
q. A J-morphism of right J-schemes is the same as a morphism of the underlying 
schemes over X compatible with Ij. 

A J-torsor is a right J-scheme P for which there exists an fpqc covering mor¬ 
phism X' ^ X such that the right {J Xx Al')-scheme P Xx X' is trivial. Any 
morphism of J-torsors is an isomorphism. A right J-scheme P is a J-torsor if an 
only if P —^ is fpqc covering and is an isomorphism. We write 

H\X,J) 

for the set of isomorphism classes of J-torsors. It is a pointed set with base point 
the class of J. 


Lemma 4.1. Let J be an affine group scheme over X and P be a J-torsor. 

(i) If u : J ^ J' is a morphism of affine group schemes over X, then there 
exist a J'-torsor P' and a morphism P ^ P' over X compatible with u. 

(ii) If Ui : J ^ Ji for z = 1,2 and u : Ji —)> J 2 are morphisms of affine group 
schemes over X with voui = U 2 , and if Pi is a Ji-torsor and qi : P ^ Pi 
is compatible with Ui, then there is a unique morphism 9 : Pi —>■ P 2 over 
X compatible with v such that q o qi = <72 • 


Proof. Let X' —> be an fpqc covering morphism along which the pullback of P 
is trivial. To prove (ii) we may suppose, after pulling back along X' —>■ X and 


applying the full faithfulness of Lemmawith H = X^ that P = J is trivial. We 
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may then suppose further that Pi = Ji is trivial and qi = Ui, so that the unique q 
is V. 

By (ii) with ui = U 2 and v the identity, the pair P' and P —^ P' of (i) is unique 
up to unique J'-isomorphism if it exists. To prove [(ij| we may thus suppose, after 
pulling back along X' ^ X and applying the essential surjectivity of Lemma 13.21 
with P{ = X, that P = J is trivial. We may then take the trivial J'-torsor J' for 
P' and u for P ^ P'. □ 


Let P be a J-torsor and u : J —>■ J' be a morphism of group schemes over X. 
Then by Lemma 14.11 a pair consisting of a J'-torsor P' and a morphism P 
P' compatible with u exists, and is unique up to unique J'-isomorphism. We 
say that P' is the push forward of P along u. The push forward of P along an 
inner automorphism of J is P itself, because if j is a cross-section of J, then right 
translation P —>■ P by j~^ is compatible with conjugation J ^ J hy j. 

We have a functor H°{X, —) from affine group schemes over X to groups, defined 
by taking cross-sections. By assigning to the morphism u the map defined by push 
forward along u, we also have a functor H^{X, —) from affine group schemes over 
X to pointed sets. It preserves finite products, so that H^{X,J) has a structure 
of abelian group when J is commutative. It also sends inner automorphisms of 
J to the identity of H^{X,J). Thus we may regard H^{X,—) as a functor on 
the category of affine group schemes over X up to conjugacy, where a morphism 
from J' to J is an orbit under the action by composition of the group of inner 
automorphisms of J on the set of morphisms J' —>■ J of affine group schemes over 
X. 

We say that morphisms J" —)• J and J ^ J' of affine group schemes over X 
form short exact sequence 

(4.3) 1 ^ J" ^ J J' 1 

if J —>■ J' is fpqc covering and J" —J is a closed immersion with image the kernel 
of J —> J'. To (j4.3|) there is associated functorially an exact cohomology sequence 

1 ^ H°{X, J") ^ H°{X, J) ^ H°{X, J') A H\X, J") ^ H\X, J) ^ H\X, J') 

of pointed sets, where the connecting map S sends j' to the class of the inverse 
image of j' in J, and the other maps are defined by functoriality. 

Let iJ be a pregroupoid over X, and suppose that J is equipped with a struc¬ 
ture of iJ-group scheme. By an {H, J)-scheme we mean an iJ-scheme P together 
with a structure of right J-scheme on P for which the action (14.111 of J on P is 
an iJ-morphism. The condition that (14.1|) be an iJ-morphism is equivalent to the 
condition that the isomorphism over iJp] defining the Jl-structure of P be com¬ 
patible with the isomorphism over defining the iJ-structure of J. A morphism 
P —5> P' of {H, J)-schemes is a morphism of schemes over X which is compatible 
with the actions of H and J. We say that an {H, J)-scheme is an {H, J)-torsor if 
its underlying right J-scheme is an (iJ, J)-torsor. Any morphism of (Jf, J)-torsors 
is an isomorphism. We write 

H]j{X,J) 

for the set of isomorphism classes of {PI, J)-torsors. It is a pointed set with base 
point the class of J. 

Lemma 4.2. Let P be an {P[, J)-torsor, u : J ^ J' be a morphism of affine 
p[-groups, P' be a J'-torsor, and q : P ^ P' be a morphism over X compatible 
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with u. Then there is a unique structure of H-scheme on P' such that P' is an 
{H, J')-torsor and q is a morphism of H-schemes. 

Proof. Apply Lemma r4.]|lii)| to the pullbacks of P and P' onto the □ 

Let P be an {H, J)-torsor and tt : J —>■ J' be a morphism of affine iL-groups. 
Then by Lemmas 14.11 and 14.21 a pair consisting of an {H, J')-torsor P' and an 
iL-morphism P ^ P' compatible with u exists, and is unique up to unique (H, J')-iso- 
morphism. We say that P' is the push forward of P along u. The inner automor¬ 
phism of J defined by an iL-invariant cross-section of J is an 7L-morphism, and the 
push forward of P along such an iL-morphism is P itself. 

We have a functor H^{X, —) from affine 7L-groups to groups, defined by taking 
iL-invariant cross-sections. By assigning to the morphism u the map defined by 
push forward along u, we also have a functor —) from affine Lf-groups to 

pointed sets. It preserves finite products, so that Hjj{X,J) has a structure of 
abelian group when J is commutative. It also sends iL-inner automorphisms of J, 
i.e. those defined by an iL-invariant cross-section of J, to the identity of H^{X, J). 
Thus we may regard H^{X,—) as a functor on the category of affine iL-groups 
up to conjugacy, where a morphism from J' to J is an orbit under the action by 
composition of the group of iL-inner automorphisms of J on the set of morphisms 
J' —>■ J of affine group schemes over X. 

We say that morphisms J" —?> J and J ^ J' of affine iL-groups form a short 
exact sequence if (lO) is a short exact sequence of affine group schemes over X. 

To such a short exact sequence of affine iL-groups there is associated functorially 
an exact cohomology sequence 

1 ^ iL^(A, J") ^ iL^(A, J) ^ H°h{X, j') a H},{X, j") ^ H},{X, J) ^ H},{X, J') 

of pointed sets, where the connecting map <5 sends j' to the class of the inverse 
image of j' in J, and the other maps are defined by functoriality. 

Lemma 4.3. Let H and X' be as in Lemma 13.21 and denote by H' and J' the 
respective pullbacks of H and J along X' ^ X. Then pullback along X' X 
induces an equivalence from {H, J)-torsors to (H', J')-torsors. 

Proof. By Lemma [3.21 pullback along X' ^ X induces an equivalence from affine 
(iL, J)-schemes to affine (iJ', J')-schemes. Given an affine (IT, J)-scheme P, it is 
thus enough to show that P —>■ A is /pgc-covering if and only if Px’ X' is, and 
that (14.2p is an isomorphism if and only if its pullback along X' ^ X is. This is 
clear in the case where A' —)• A is fpqc covering, and in the other case it follows 
from Lemma [3Tl because (14.21) is a morphism of P-schemes. □ 

Lemma 4.4. Let K be a transitive affine groupoid over X/S and A' —>■ A be a 
morphism with X' —>■ S fpqc covering. Denote by K' the pullback of K along X' 

X. Then pullback along X' —>■ A induces an equivalence from right K-schemes 
which are -torsors to right K'-schemes which are K"^^'^^-torsors. 

Proof. By Lemma [3.21 pullback along A' ^ A induces an equivalence from affine 
right A-schemes to affine right A'-schemes. Given an affine right A-scheme P, it 
is thus enough to show that P —> A is /pgc-covering if and only if its pullback 
along A' —A is, and that (j4.211 with J = jg isomorphism if and only if its 

pullback along A' —>■ A is. This is clear from Lemma [3.11 because with the action 
by conjugation of A on J = (j4.21) is a morphism of A-schemes. □ 
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Lemma 4.5. Let K be a transitive affine groupoid over X/S, and Pq and Pi be 
right K-schemes which are K^^^^-torsors. Then the functor on schemes over S 
that sends Z to the set of Kz-isomorphisms from Piz to P^z is representable by a 
scheme which is affine over S with structural morphism fpqc covering. 

Proof. Denote by T the functor on schemes over S that sends Z to the set Kz-iso- 
morphisms from Piz to Pqz- If S' is a scheme over S, and if X', K', Pq and P'l 
are obtained from X, K, Pq and Pi by base change along S' —>■ S, then T/s' is 
the functor on schemes over S' that sends Z' to the set of -isomorphisms from 
P'lZ' to P'oz'- Since Zs' represents T/g' whenever Z represents T, it thus follows 
from Lemma [3.31 that if 5" — >• S' is fpqc covering we may replace X, K, Pq and Pi 
by X', K', P'q and P'l. 

Taking in particular S' = X, we reduce to the case where X has a section over S. 
By Lemma [3.21 with X' = S, pulling back along such a section does not change T, 
so that we reduce further to the case where X = S and hence K is an affine group 
scheme G over S. By base change along an appropriate fpqc covering morphism 
S' —>■ S, we then reduce finally to the case where Pq = Pi = G. In that case T is 
represented by G. □ 


5. Principal bundles 

This section contains foundational material on principal bundles, and in particu¬ 
lar their connection with transitive affine groupoids. Again it is convenient to work 
in the category of schemes over a base. 

Let 5” be a scheme and A be a scheme over S with X ^ S fpqc covering. Let G 
be an affine group scheme over S. By a right G-scheme over X we mean a scheme 
P over X with a structure of right G-scheme on P over S such that the action 

PxsG^ P 

is a morphism over X. A right G-scheme over X is the same as a right Gjf-scheme. 
It is also the same as a right G-scheme equipped with a morphism of right G-schemes 
to the constant right G-scheme X. 

By a principal G-bundle over X we mean a right G-scheme over X which is 
a Gjf-torsor. The set of isomorphism classes of principal G-bundles over X will 
usually be written 

H\X, G) 

instead of H^{X, Gx)- Similarly the group of cross-sections of Gx will usually be 
written H'^{X,G) instead of H^{X,Gx)- 

We have push forward of principal bundles defined by push forward of torsors, 
with a strong uniqueness property implied by that for torsors. Using push forward 
we define a functor H^{X, — ) on affine group schemes over S, which factors through 
affine group schemes over S up to conjugacy. To a short exact sequence of affine 
group schemes over S there is associated functorially an exact cohomology sequence 
of pointed sets. 

Let H he a pregroupoid over X/S. Given a scheme P over X equipped with a 
structure of i/-scheme and a structure of right G-scheme over X, it is equivalent 
to require that the action of i? on P be a morphism of right G-schemes over X, or 
that the action of G on P be a morphism of P-schemes, or that the two morphism 

Hii] xx P xs G ^ P 
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defined by the actions given by first factoring through i/[i] XxP or PxsG should 
coincide. We then say that P is an {H,G)-scheme. By a principal {H,G)-bundle 
we mean an (H, G')-scheme whose underlying right G-scheme is a principal G-bun- 
dle over X. A principal (i?, G)-bundle is the same as an (i?, Gx)-torsor, with 
Gx regarded as a constant 77-group. The set of isomorphism classes of principal 
(77, G)-bundles will usually be written 

HhiX.G) 

instead of H}j {X, Gx ). Similarly the group of cross-sections of Gx will usually be 
written H^{X, G) instead of H^{X, Gx)- 

Let P be a principal (77, G)-bundle, u : G —>■ G' be a morphism of affine groups 
schemes over S, P' be a principal G'-bundle over X, and g : P —>■ P' be a morphism 
over X compatible with u. Then by Lemma 14.21 there is a unique structure of 
77-scheme on P' such that P' is a principal (77, G)-bundle and g is a morphism of 
77-schemes. We say that the principal (77, G)-bundle P' is the push forward of P 
along u. Using push forward we define a functor Hjj{X, —) on affine group schemes 
over S, which factors through affine group schemes over S up to conjugacy. To a 
short exact sequence of affine group schemes over S there is associated functorially 
an exact cohomology sequence of pointed sets. 

Let P be a principal G-bundle P over X. Then we define the transitive affine 
groupoid 

IsOc(P) 

over X/S oi G-isomorphisms of P as follows: the points of IsOq{P) in Z above the 
point (a;o,a;i) of X xs X are the G-isomorphism over Z from the pullback of P 
along xi to its pullback along a:o, and the identities and composition of Iso,^(P) 
those of isomorphisms of principal G-bundles. The existence of IsqQ(P) follows 
from the case where X = S' of Lemma 14.51 with X x s X for X and the pullback of 
P along the 7th projection for Pi. We have 

AutG(P) = 770(X,IsqG(P)'^'"«). 

If 77 is a is a pregroupoid over X/S, then a structure of principal (77, G) bundle on 
P is the same as a structure 

(5.1) 77 ^ Iso^ (P) 

of 77-groupoid on Isog(P). In particular, there is a canonical structure of principal 
(Isog(P), G)-bundle on P, with (15.1(1 the identity. 

Let P' be a principal G'-bundle over X, and 7 : G —?■ G' be a morphism of affine 
group schemes over X and g : P —P' a morphism over X compatible with h. 
Then there is a unique morphism 

IsOft('7) : IsOg(-P) ^ IsOg,(P') 

of groupoids over X such that, for the corresponding structure on P' of principal 
(IsOg(P), G')-bundle, g is an Iso^(P)-morphism. If 77 is a pregroupoid over X/S, 
and P is a principal (77, G)-bundle and P' is a principal (77, G) bundle, then g is a 
morphism of 77-schemes if and only if Isq^(g) is a morphism of groupoids over 77. 

Define a category of principal bundles over X/S as follows: the objects are pairs 
(G, P) with G an affine group scheme over S and P a principal G-bundle over X, 
and a morphism from (G, P) to (G'P') is a pair (7, g) with 7 : G' —>■ G' a morphism 
of group schemes over S and g : P —^ P' a morphism over X compatible with 7. 
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Then Iso_(—) is a functor from this category to transitive affine groupoids over 
X/S. It is compatible with base extension and pullback, but in general is neither 
full, faithful, nor essentially surjective. 

To each g in G{S) there is associated an inner automorpism of (G, P), which acts 
by conjugation with g on G and as g~^ on P. If (h, q) is an inner automorphism of 
{G,P) then Iso^(g) is the identity. 

Let H be pregroupoid over X/S and P be a principal G-bundle over X/S. Then 
we have maps 

(5.2) Hom“;^(P,IspG(P)) ^ Hh{X,G) ^ H\X,G), 

natural in H and (G, P), where the first map sends the conjugacy class of p to the 
class defined by p, and the second is defined by discarding the action of H. 

Lemma 5.1. The first map of (15.21) is injective, with image the fibre above [P] of 
the second. 

Proof. Immediate from the definitions. □ 

Let {G,P) be an affine principal bundle over X/S. Then there is a canonical 
bijection 

(5.3) pL^(p)(X,G')^P^(^,G'), 

natural in the affine group scheme G' over S and compatible with pullback, which 
when G' = G sends the class of P to the class of G with the right and left actions 
of G by translation. Indeed by Lemma H751 the pullbacks along P —X and P ^ S 
define natural bijections from the source and target of (15.31) to Hq (P, G'), which 
when G' = G send the classes of P and G to the class of Gp. 

By assigning to the conjugacy class of / to the image under (15.31) of cohomology 
class defined by /, we obtain a map 

(5.4) Hom“;^(IsoG(P),IsoG.(P')) ^ H}.{S, G'), 

which is natural in the affine principal bundles (G, P) and (G', P') and compatible 
with pullback. It is injective, by Lemma l5.II 

Lemma 5.2. A morphism f : Iso^fP) —5> IsOq,{P') is of the form Isoi, (a) for some 
{h,q) if and only if the image of the conjugacy class of f under (15.4p composed with 
the canonical map from Hq{S,G') to H^(S,G') is the base point of H^{S,G'). 

Proof. By compatibility with pullback, we reduce first after pullback along P —> X 
to the case where P = Gx is trivial, and then after pullback along X —> 5” to the 
case where further X = S. For any /, the class in H^{S, G') associated to / is then 
[P'], while / = lsOf^{q) for some {h, q) if and only if P' has a cross-section. □ 

The map (15.4p has the following description, which renders Lemma 15.21 obvious, 
and can be seen by reducing to the case where X = S and P = G is trivial: 
given a morphism / from IsOq{P) to IsPq,(P'), the functor on schemes over S 
that sends S' to the set of [h',q') with fs' = Iso^,(g'), equipped with the action 
by composition with inner automorphisms of G(S") on the left and G'{S') on the 
right, is represented by a principal (G, G')-bundle with class in Hq{S, G') the image 
under (|5.4I) of the conjugacy class of /. 

Let P be a pregroupoid over X/S and and a; be a section of X over S. We write 
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for the pointed subset of Hjj{X,G) consisting of the classes of those P for which 
P has a section above x. We have a short exact sequence of pointed sets 

1 ^ HhiX, X, G) G) H\S, G) 1 

which is natural in PI and G, where the second arrow, defined by discarding the 
action of H and pulling back along x, is surjective because above the class of the 
principal G-bundle P over S lies the class of constant {H, G)-bundle Px ■ 

Given a section x oi X over S, we may define as follows a category of affine 
principal bundles over X/S pointed above x. The objects are triples (G, P,p) with 
(G, P) an affine principal bundle over X/S and p a section of P over S above x. A 
morphism from {G,P,p) to {G',P',p') is a morphism {h,q) from (G,P) to {G',P') 
for which q{p) = p'. We have a functor 

(5.5) (G,P,p)^Ispg(P) 

from this category to the category of transitive affine groupoids over X/S. It is an 
equivalence, with quasi-inverse the functor 

K I ^ P-—,XJ lx) 

with Kx^x the fibre of K above the point {x,x) of the diagonal, and K- x the fibre 
of di above x, regarded as a principal Kx^x-^'wiAle with structural morphism dg 
and action of Kx^x defined by composition. Indeed the composition of K defines a 
structure of principal {K, A'a;^a;)-bundle on K-^x, which gives a natural isomorphism 

(5.6) if ^Iso^^^(K_,,), 

as can be checked by taking fibres above (x, x). At the same time we have a natural 
isomorphism 

(IS0G(P)x,x,IS0(3(P)_.:i,,la:) ^ (G,P,p) 
given by evaluating at the base point lx- 


Lemma 5.3. Let K be a transitive affine groupoid over X/S and x be a seetion of 
X over S. 


(i) 

(ii) 


The functor P[]^{X,x, —) on affine group schemes over S up to conjugacy 
is representable. 

The functor of (i) is represented by G with universal element [P] if and 
only if the action morphism K —»Iso^fPl is an isomorphism. 


Proof. By (15.61) , a G and principal (if, G)-bundle P trivial above x exist with 
if IsPg(P) an isomorphism. It is enough to show that G and [P] represent 
ii^(A,X, —). By Lemma |43l we reduce after pullback along x to the case where 
X = S. It then suffices to apply Lemma 15.11 with X = S and ii = if to trivial 
affine principal bundles (G', G'). □ 


Lemma 5.4. Let H be a pregroupoid over X/S and X' X be a morphism of 
schemes over S. Suppose either that X' ^ X is fpqc covering, or that X' ^ S 
is fpqc covering and H is a transitive groupoid over X/S. Then pullback along 
X' X induces an equivalence from the category of transitive affine groupoids 
over H to the category of transitive affine groupoids over H x [x] [A']. 
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Proof. To prove the full faithfulness, we reduce by base extension along an appro¬ 
priate S' ^ S and faithfully flat descent to the case where X' has a section x' over 
S. If x' lies above the section x oi X, then by (15.61) . every transitive affine groupoid 
over H is isomorphic to Iso ^(P) for some G and principal {H, G)-bundle P with a 
section p above x. Given also G' and a principal (7J, G')-bundle P with a section p' 
above s, any morphism from IsO r^(P) to Iso ^/fP'l over H is of the form Iso i, (q) for 
a unique pair (/i, q) with q(p) = p' and q a morphism of P-schemes, and similarly 
for the pullbacks of P and P' along X' ^ X. The full faithfulness thus follows 
from Lemma o 

By the full faithfulness, if K' is a transitive affine groupoid over H X[x] [X']^ 
then a pair consisting of a transitive affine groupoid K over P[ and an isomorphism 
from K' to K X [x] [X'] is unique up to unique isomorphism if it exists. To prove the 
essential surjectivity, we thus reduce by faithfully flat descent after pullback along 
an appropriate S' ^ S to the case where X' has a section over S. Any transitive 
affine groupoid over X'/S is then by (15.6|) a groupoid of isomorphisms, and the 
essential surjectivity follows from Lemma 14.31 □ 

Let AT be a groupoid over X/S. Call a morphism j Qf fC-groups 

compatible with conjugation if the two actions of on J given by restricting 

from K to and by restricting the action by conjugation of J along —>■ 

J coincide. We obtain a functor from the category of groupoids over K to the 
category of those AT-morphisms from to a AT-group which are compatible 

with conjugation, by assigning to AT' the AT-morphism AT'^'®'® —>■ AT''^'^^® defined 
by restriction, with the action of AT on that defined by restriction of the 

action of K' by conjugation. It is an equivalence when X = S. Any morphism 
^diag J qJ AT-groups which is fpqc covering is compatible with conjugation. 
Suppose that AT is transitive over X/S, and let AT' be the pullback of AT along a 
morphism X' X with X' S an fpqc covering morphism. Then by Lemma l3.11 
a morphism AT'^*®'® —>■ J of A'-groups is compatible with conjugation if and only if 
the AT'-morphism obtained from it by pullback along X' X is. 

Lemma 5.5. Let K be a transitive affine groupoid over X/S. Then restriction to 
the diagonal induces an equivalence from the category of transitive affine groupoids 
over K to the category of those K-morphisms from AT'^*'^® to an affine K-group 
which are compatible with conjugation. 

Proof. When X has a section over S, it is enough to apply Lemmas l3.21 and [5.41 with 
X' = S. The full faithfulness then follows in general by reducing by faithfully flat 
descent to the case where X has a section after base change along an appropriate 
S' —!> S. It follows from the full faithfulness that if a morphism from A''^‘®'® of affine 
AT-groups extends to a morphism from K of transitive affine groupoids over AT, it 
does so uniquely up to unique isomorphism. The essential surjectivity thus also 
follows by reducing to the case where X has a section over S. □ 

Lemma 5.6. Let {G,P) be an affine principal bundle over X/S. Then Iso (—) in¬ 
duces an equivalence from the category of affine principal bundles over X/S equipped 
with a morphism from (G, P) to the category of transitive affine groupoids over 

Isog(-P)- 
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Proof. Pulling back along P ^ X and using Lemmas 14.II and 15.41 we reduce to the 
case where P is trivial. Pulling (G, G) back along X S', we then reduce to the 
case where further X = S, which is clear. □ 

6. Principal bundles under a groupoid 

In this section we consider the notion of principal bundle under a transitive 
affine groupoid. The transitive affine groupoids required for the applications later 
are those over an algebraically closed extension of a base field. It is again however 
technically convenient to work here over an arbirary base scheme. 

Throughout this section, S is a scheme, X and S are schemes over S with 
structural morphisms fpqc covering, and S' is a transitive affine groupoid over 
S/S. By a right F-scheme over X we mean a scheme P over X Xs S together with 
a structure of right P'-scheme on P such that the action 

P x-gF P 

is a morphism over X. A morphism of right A-schemes over X is a morphism of 
right A-schemes which is a morphism over X. A right A-scheme over X is the 
same as a right TA-scheme. It is also the same as a right A-scheme equipped with 
a morphism of right F-schemes to the constant right F-scheme X xs S on X. 
Restriction to F*^**^® defines on any right F-scheme over X an underlying structure 
of right F'^'**'8-scheme over X Xs S. 

By a principal F-bundle over X we mean a right F-scheme over X whose un¬ 
derlying right F'^*®'®-scheme over X xg S' is a principal F'^'^'S-bundle over X Xs S. 
When S = S, so that F is an affine group scheme over S, this notion of principal 
F-bundle over X reduces to that of Section O 

If X —^ S factors through an fpqc covering morphism X ^ S', we may identify, 
using the canonical isomorphism 

Pxss,Fs'^PXgF, 

right Fg'-schemes over X with right F-schemes over X, and principal Fg'-bundles 
over X with principal F-bundles over X. 

Lemma 6.1. Let S' ^ S be a morphism with S' ^ S fpqc covering, and denote 
by F' the pullback of F along S' —>■ S. Then pullback along S' ^ S induces 
an equivalence from the category of principal F-bundles over X to the category of 
principal F'-bundles over X. 

Proof. By Lemma 13.21 pullback along X XgS'—^-X xgS induces an equivalence 
from affine right Fx-schemes to affine right FA-schemes. Given an affine right 
Fjjf-scheme F, it is thus enough to show that F —)> X x g S is /pgc-covering if and 
only if its pullback is, and that (14.21) with X xg S for X and for j is an 

isomorphism if and only if its pullback is. This is clear from Lemma l3.II in the case 
of (|4.2|) because it is a morphism of Gx-schemes when Fx acts by conjugation on 
(Fdiag)^, □ 

Lemma 6.2. Let X ^ S be an fpqc covering morphism. Then restriction along 
the embedding of X into X xs S defined by X ^ S induces an equivalence from the 
category of principal F-bundles over X to the category of principal -bundles 
over X. 
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Proof. Principal P"-bundles over X are the same as principal F^bundles over X. 
It thus suffices to take S, S Xs S', S, X for S, S, S', X in Lemma [6d1 □ 

Define as follows a category of transitive affine principal bundles over X,S/S. 
The objects are pairs {F,P) with F a transitive affine groupoid over S/S and P 
a principal F-bundle over X. A morphism from {F,P) to {F',P') is a pair {h,q) 
with h a morphism from F to F' and q a morphism from P to P' compatible with 
the actions of F and F'. 

Lemma 6.3. Let S' ^ S he a morphism with S' —> S fpqc covering. Then 
the functor induced by pullback along S' —)> S from the category of transitive affine 
principal bundles over {X, S)/S to the category of transitive affine principal bundles 
over {X, S')/S is fully faithful. 

Proof. A morphism from {F, P) to {F', P') consists of a morphism of groupoids over 
S/S from F to F' and a morphism of right A-schemes over X from P to P' with 
the action of F' restricted along F ^ F'. It thus suffices to apply Lemma [321 D 

Lemma 6.4. The forgetful functor from the category of transitive affine principal 
bundles over (A, S)/S equipped with a morphism from {G,P) to the category of 
transitive affine groupoids over S/S equipped with a morphism from G is a surjective 
equivalence. 

Proof. By base change along S ^ S and faithfully flat descent, we reduce first 
the full faithfulness and then the surjectivity on objects to the case where S has a 
cross-section over S. Applying Lemmas 16. II and |6.3I with S' = S, we reduce further 
to the case where S = S, which has been seen in Section |SJ □ 

Given a principal A-bundle P over X and a morphism h : F ^ F' oi transitive 
affine groupoids over S/S, there exists by Lemma l6.41 uniquely up to unique A'-iso- 
morphism, a pair consisting of a principal A'-bundle P' and a morphism P ^ P' 
compatible with h. We say that P' is the push forward of P along h. 

Let be a pregroupoid over A/S. Given a principal A-bundle P over A 
equipped with a structure of iL-scheme, it is equivalent to require that the ac¬ 
tion of on P be a morphism of right F-schemes over A, or that the action of F 
on P be a morphism of iL-schemes, or that the two morphism 

F[i] Xx P XgF -5> P 

defined by the actions given by first factoring through iL[i] Xx P or P Xg P should 
coincide. We then say that P is a principal {H, F)-bundle. 

Lemma 6.5. Let P be a principal (H, F)-bundle, h : F ^ F' be a morphism of 
of transitive affine groupoids over S/S, P' he a principal F'-bundle over A/S, and 
q : P ^ P' be a morphism over X compatible with h. Then there is a unique 
structure of H-scheme on P' such that P' is a principal {FI, F')-bundle and q is a 
morphism of FI-schemes. 

Proof. Apply Lemma (6^ to the pullbacks of P and P' onto the H[i\. □ 

If P is a principal {H, P)-bundle over A and h : F ^ F' is a morphism of 
transitive affine groupoids over S/S, then by Lemmas 16.41 and 16.51 there exists, 
uniquely up to {H, P')-isomorphism, a pair consisting of a principal {H, P')-bundle 
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P' over X and a morphism P ^ P' oi H -schemes which is compatible with h. We 
say that P' is the push forward of P along h : F ^ F'. 

Let P be a principal G-bundle P over X. We define the transitive afiine groupoid 

IsOp(P) 

over X/S oi G-isomorphisms of P as follows: the points of IsOpfPl in Z above the 
point (a;o,a:i) of X xs X are the P-isomorphism over Z from the pullback of P 
along xi to its pullback along xq, and the identities and composition of ]soq{P) 
those of isomorphisms of principal P-bundles. The existence of IsOp(P) follows 
from Lemma 14.51 with W x s X for S' and XxsXxsSforX and the pullback 
of P along the the product of zth projection over S with S for Pi. A structure of 
principal {H,F) bundle on P is the same as a structure 

(6.1) P^Ispp,(P) 

of P-groupoid on IsOp(P). In particular, there is a canonical structure of principal 
flsOp(P), G)-bundle on P, with (16.11) the identity. 

Let {h, q) : (P, P) ^ (P', P') be a morphism of transitive affine principal bundles 
over (X, S)/S. Then by Lemma 16.51 there is a unique morphism 

Iso^(g) : Iso^(P) -^Iso^,(P') 

of groupoids over X such that, for the corresponding structure on P' of principal 
fIsOpfP). G')-bundle, q is an Iso p (P)-morphism. If P is a principal (H, P)-bundle 
and P' is a principal (P, F') bundle, then q is a morphism of P-schemes if and 
only if IsO hlo) is a morphism of groupoids over P. 

The assignments (P, P) i-A- Iso g (Pi and {h, q) i-A- Iso^ (a) define a functor Iso (—1 
from transitive affine principal bundles over (X, S)/S to transitive affine groupoids 
over X/S. 

Lemma 6.6. Let S' ^ S be a morphism with S' ^ S fpqc eovering, and denote 
by F' the pullback of F along S' —>■ S. Then pullback along S' ^ S induces an 
equivalence from the category of principal (P, F)-bundles to the category of principal 
(P, F')-bundles. 

Proof. Apply Lemma lOI to pullbacks along the X. □ 

Lemma 6.7. Let X' ^ X be a morphism, and denote by H' the pullback of H along 
X' —>■ X. Suppose either that X' —>■ X is fpqc covering, or that X' ^ S is fppqc 
covering and H is transitive over X/S. Then pullback along X' —>■ X induces an 
equivalence from the category of principal (P, F)-bundles to the category of principal 
{FT, F)-bundles. 

Proof. By base change along S ^ S and faithfully fiat descent, we reduce first the 
full faithfulness and then the essential surjectivity to the case where S has a section 
over S. Applying Lemma 16.61 to pullback along such a serction, we reduce to the 
case where S = S. Then P is an affine group scheme over X, and it suffices to 
apply Lemma H751 with J = Fx. □ 

Let P be a transitive afiine groupoid over X/S. Then by means of canonical 
isomorphisms between XxgS, F and K and SxgX, F°^ and P°p, a {K, P)-bundle 
may be regarded as a (P, P)-bundle, and in particular has an underlying structure 
of right P-scheme over S. By a biprincipal {K,F)-bundle we mean a principal 
(P, P)-bundle which is also principal as a P-bundle over S. A (P, P)-bundle is 
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biprincipal if and only if is biprincipal as a {F, if)-bundle. When X = S, we have a 
canonical biprincipal {F, F)-bundle F, with the left and right actions of F defined 
by composition. 

Lemma 6.8. Let K be a transitive affine groupoid over X/S and P be a principal 
(K, F)-bundle. Then P is a biprincipal {K, F)-bundle if and only the canonical 
morphism K —>■ IsO pfPl is an isomorphism. 

Proof. By base change along S' —)• S', we reduce to the case where S has a section 
over S. Pulling back along such a section, we reduce to the case where S = S. 
By Lemma 13.11 K -P- Iso f(P i is an isomorphism if and only if its restriction to 
the diagonal is. Replacing K by and F by Fx, we thus reduce to the case 

where X = S = S, so that K and F are affine group schemes over S. Pulling back 
along an appropriate S' —S, we reduce further to the case where P is the trivial 
P-bundle P, so that Iso p (Pi = F. The result is then clear. □ 

Lemma 6.9. Let K be a transitive affine groupoid overXjS. Then K is isomorphic 
to Ispp(P) for some transitive affine principal bundle {F,P) over (X, S)/S if and 
only if a principal K-bundle over S exists. 

Proof. A principal if-bundle P over S exists if and only if for some transitive 
affine F over S/S a biprincipal (P, if )-bundle exists (take P = IsOp(Pll if and 
only if for some P a biprincipal {K, P)-bundle exists. The result thus follows from 
Lemma 16.81 □ 

The set of isomorphism classes of principal G-bundles over X will be written 

H^X, G). 

We have a functor F[^{X,—) on transitive affine groupoids up to conjugacy over 
S/S. The set of isomorphism classes of principal (P, P)-bundles will be written 

Hjj{X,F). 

Then we have a functor Hjj{X, —) on transitive affine groupoids up to conjugacy 
over S/S. When S = S, so that P is an affine group scheme over S, the sets 
P^(A, P) and Hjj{X, F) coincide with those of SectionjSJ For arbitrary S however, 
these sets do not come equipped with a base point, and may even be empty. 

Let H be pregroupoid over X/S and P be a principal G-bundle over X/S. Then 
we have maps 

(6.2) Hom“;^(P,Isp^(P)) ^ HIj{X,F) ^ H\X,F), 

natural in H and (P, P), where the first map sends the conjugacy class of p to the 
class defined by p, and the second is defined by discarding the action of P. 

Lemma 6.10. The first map of (16.21) is injective, with image the fibre above [P] 
of the second. 

Proof. Immediate from the definitions. □ 

Let P be a principal P-bundle over X. Then the action of P on P defines a 
canonical isomorphism of principal P-bundles over P 
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from the pullback along P ^ S' of the canonical F-bundle F to the pullback along 
P ^ X oi P. Indeed (16.31) corresponds under the equivalence of Lemma 16.21 with 
X = P to the canonical isomorphism 

of principal P'^'^'^-bundles over P defined by the action of P'^'^-s on P. 

It follows from Lemma 15771 (16.3L and Lemma lS^ with P = K = F, that pullback 
along P ^ X and P ^ S defines natural isomorphisms 

(6.4) -) ^ -) -) 

of functors on transitive affine groupoids over S/S up to conjugacy. Further the 
class in Fl/^^ (X, F) of P equipped with the canonical structure of principal 

flsOplPb P)-bundle corresponds to the class in Hp{S, F) of the canonical principal 
(P, P)-bundle P. 

7. Transitive affine groupoids with base the spectrum of a field 

In this section k is a field and X is a non-empty k-scheme. 

From this section on we work in the category of schemes over k. In particular 
pregroupoids and groupoids over X will always be understood to be over X/k, and 
transitivity for a groupoid over X will always be understood as transitivity over 
X/k. The main result of this section is Theorem 17.31 which implies in particular 
that when k is algebraically closed, every transitive affine groupoid over X arises 
from a principal bundle. 

The following lemma is taken, with a slight change in notation and hypotheses, 
from [O’SIOI Lemma 1.1.1], to which we refer for the proof. In |O’S10| it was as¬ 
sumed throughout that k is of characteristic 0, and the lemma was proved under the 
assumption that either the G\ (i.e. the Ux of |O’S10l Lemma 1.1.1]) are unipotent 
or k is algebraically closed. Only the algebraically closed case is required here, and 
in this case the proof of P’sini applies unmodified in arbitrary characteristic. 

Lemma 7.1. Let K he a directed preorder, and let (pA)AeA be o,n inverse system of 
sets and (Ga)agA be an inverse system of k-groups of finite type. Let there he given 
an action of G\{k) on Xx for each A G A such that the transition maps Ex —>■ Ex' 
are compatible with the actions of Gx{k) and Gx'{k). Suppose that k is algebraically 
closed. Suppose also that for every A G A the set Ex is non-empty, the action of 
Ex{k) on it is transitive , and the stabiliser of each of its elements is the group 
of k-points of a k-subgroup of Gx- Then limAgA 17a is non-empty, the action of 
limAeAGA(fc) on it is transitive , and the stabiliser of each of its elements is the 
group of k-points of a k-subgroup ofliuix^AGx. 

Lemma 7.2. Suppose that k is algebraically closed. Then H^{k,G) = 1 for every 
k-group G. 

Proof. Let P be a principal G-bundle over k. Write G as the limit limAeA Gx of its 
fc-quotients of finite type, and denote by Pa the push forward of P along G —>■ Ga. 
Then the (Ga,Pa) form an inverse system of affine principal bundles over k. The 
canonical morphism from P to limAgA Px is an isomorphism, because it may be 
identified after an extension of scalars trivialising P with the canonical morphism 
from G to limAeA Gx. Since k ia algebraically closed and Gx is of finite type, Px 
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is trivial. Thus P\{k) is non-empty and Gx{k) acts simply transitively on it. By 
Lemma mi with E\ = P\{k), it follows that limveA P\ik) is non-empty. Thus P{k) 
is non-empty, so that P is trivial. □ 

A transitive groupoid over X is faithfully flat over X x^X, as follows by reducing 
after base change and pullback to the case where it is constant. Similarly, if F is 
a transitive affine groupoid over a non-empty fc-scheme S and P is a principal 
P-bundle over X, then P is affine and faithfully flat over X x^S. We note that any 
filtered inverse system of schemes affine and faithfully flat over some base scheme 
is faithfully flat over the base: the flatness is clear, while the surjectivity reduces 
after passing to fibres to the case where the base is the spectrum of a field, when 
it suffices to note that if 1 = 0 in a filtered colimit of rings Ax, then 1 = 0 in some 
Ax- Given a filtered inverse system of transitive affine principal bundles (Pa, Pa) 
over {X,S), it follows in particular from this and (14.21) that limAPA is a principal 
liiUA Gv-bundle over X. 

It has been seen at the end of Section [3] that if X is the spectrum of a field and K 
is a transitive affine groupoid of finite type over X, then the quotient KjK' exists 
for any transitive affine subgroupoid of K. 

For the proof of Theorem 17.31 below, we require in a particular case descent 
for schemes which need not be relatively affine. Suppose that A is a non-empty 
scheme over an algebraically closed field k. Then any descent datum from A to fc 
on a scheme of finite presentation over A is effective. This can be seen by reducing 
first to the case where A is affine, and then to the case where A is of finite type 
over k and hence has a A:-point, where it is clear. For Theorem 17.31 we need in 
particular the following fact, which follows easily: if G is /c-group, then pullback 
along the structural morphism of A defines an equivalence from the category of 
G-schemes of finite type to the category of G[A:]-schemes of finite presentation. 

Theorem 7.3. Let K be a transitive ajfine groupoid over X/k and k be an alge¬ 
braically closed extension of k. Then there exists a principal K-bundle over k. 

Proof. Since principal A-bundles over k are the same as principal A^bundles over 
k, we may suppose that k = k is algebraically closed. By Lemma lh.ll with X = S = 
Spec{k) and A for S, we may suppose further that A is the spectrum of a field. 

We first construct as follows a filtered inverse system (GA)AeA of fc-groups of 
finite type and an embedding 


Tj: K ^ lim(GAm) 

AeA ’ 

of transitive affine groupoids over A. Choose a set of representatives F for repre¬ 
sentations of K. Since A is the spectrum of a field, we may assume that 7 G F acts 
on for some 11 ( 7 ), so that the action is given by a morphism 


^ ^ GLji(^.y^^X]‘ 

Now take for A the set of all finite subsets of F, ordered by inclusion, for Gx the 
product of the GL„(.y) for 7 G A, and for the component of 7 at A the morphism 
with component at j € X. Then t] is the morphism defined by the g-f to the 
product of the GL„(.y)[A:] over 7 G F, and hence is an embedding. 
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Denote by K\ the image of the component K G\[x] of rj at A. The K\ form 
an inverse system of transitive affine groupoids over X, and 

K = lim K\. 

AeA 

Since X is the spectrum of a field, the quotients Ga[x]/^a exists and are of finite 
presentation over X. They form an inverse system of schemes over X with transition 
morphisms compatible with the actions of the Gx [x] ■ Since k is algebraically closed, 
there exists for each A an GA-scheme Z\ and an Ga[a:] "isomorphism 

Ca : -^AX —t Gx[x]/Kx. 

Further the Zx form in a unique way an inverse system with transition morphisms 
compatible with the ^a and the actions of the Gx- 

The action of Gx on Zx is transitive because the action of Ga[x] on Ga[x]/^a is 
transitive. Since k is algebraically closed, Gxik) thus acts transitively on the non¬ 
empty set Zx(k). Hence by Lemma [7.11 the set limAeA^A(fc) is non-empty. Let 
(zA)AeA be an element of this set. Then with Gx acting on itself by composition, 
there is a unique morphism of GA-schemes 

Ca : Gx —t Zx 

with Ca(1) = Zx- The (^x are compatible with the transition morphisms and the 
actions of the Gx- 

Composing the pullback of Ca onto X with Ca gives a morphism 
Ma = Ca o Cax = Gxx —t GA[x]/.f^A 

of Ga[x]"S chemes. The ^a are compatible with the transition morphisms and the 
actions of the Ga[x]- Denote by Px the inverse image in Gax of the base cross- 
section (regarded as a closed subscheme) of GA[x]/.f^A- Since Kx is the stabiliser of 
the base cross-section, Px is a iCA-subscheme of Gxx which as a right iCA-scheme 
over k is principal. The {Kx,Px) then form a filtered inverse system of transitive 
affine principal bundles over (k,X)/k- The limit of the Px is thus a principal 
itT-bundle over k. □ 

Let k be an algebraically closed extension of fc. Then 

H\k,G) = = 1 

by Lemma [12] with X = S = Spec(fc) and Lemma 172] with k = k. Taking Spec(fc), 
Spec(A:), G, G', G' for S, X, H, G, P in (16.2L and using Lemma 15. 101 thus gives a 
bijection 

(7.1) Hom™;J(G,G')^i7^(fc,G') 

which is natural in the transitive affine groupoids G and G' over k and which when 
G' = G sends the identity of G to the class of the principal (G, G)-bundle G. 

Lemma 7.4. The functor Iso (—) from the category transitive affine principal 
bundles over (X,k)/k to the category of transitive affine groupoids overXjk is full 
and essentially surjective- 

Proof- The essential surjectivity follows from Lemma [6.91 and Theorem 17.31 

To prove that Isq_(—) is full, it is required to show that if (G, P) is a transitive 
affine principal bundle over {X,k)/k and P' is a principal (Iso^(P). G'Vbundle, 
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then P' is the push forward of P along some morphism from G to G'. We reduce by 
(j6.4[l to the case where X = Spec(fc) and K = G, with P the principal (G, G)-bundle 
G. This case follows from (EH). □ 


Lemma 7.5. Let K be a transitive ajfine groupoid over X/k and k be an alge- 
braieally elosed extension ofk. 


(i) 

(ii) 


The functor H]^{X, —) on transitive affine groupoids over k/k up to con- 
jugacy is representable. 

The functor of (i) is represented by G with universal element [P] if and 
only if the action morphism K —» Iso .^(P') is an isomorphism. 


Proof. By the essential surjectivity of Lemma 17.41 a G and P exist with K —>• 
IsOq{P) an isomorphism. It is enough to show that G and [P] represent H}^{X, —). 
We reduce using the isomorphism K ^ Iso^fP) and (16.4p to the case where X = 
Spec(/c) and K = G, with P the principal (G, G)-bundle G. This case follows from 

(EH). □ 


8. Algebras and modules 

In this section k is a field, X is a k-scheme and H is a pregroupoid over X. 

In this section we describe the analogue for i7-algebras and iJ-schemes of the 
usual antiequivalence between commutative quasi-coherent Ox algebras and schemes 
afBne over X, and of the similar equivalence for modules. 

Write ASchz for the category of affine schemes over a fc-scheme Z and CAlg^ 
for the category of commutatatve quasi-coherent G^-algebras. For each Z we have 
an equivalence from (ASch 2 )°P to CAlg^ which sends Y to the push forward of Oy 
along the structural morphism of F. By assigning to Z the categories CAlg^ and 
ASchz we obtain fibred categories CAlg and ASch over the category of schemes, 
with pullback functors Z' Xz — and Oz' Z>Oz ~ along Z' ^ Z and pullback iso¬ 
morphisms the canonical ones. The above equivalences define a morphism 

ASch°P ^ CAlg 

of fibred categories, with the compatibility isomorphisms defined as follows: if Y' 
is the pullback of Y along f ■. Z' ^ Z and a and a' are the structural morphisms of 
Y and Y', then the compatibility isomorphism Oz' ®Oy o.*Oy ^ a'i^Oyi is adjoint 
to a*Gv —:> (/ o a!),,OYi defined by the morphism Y' ^ Y over Z. Choosing 
quasi-inverses for the above equivalences, we thus obtain a morphism 

Spec : CAlg ^ ASch°P 

of fibred categories over the category of schemes. 

Let P be a commutative quasi-coherent G^-algebra. Then there is a canonical 
natural isomorphism of G^-algebras from P to the push forward of Gspec( 7 ?,) along 
the structural morphism of Spec(P). It defines a morphism of ringed spaces 

(8.1) (Spec(P), GspecCR)) ^ ’^) 

which is natural in P. If Xi is an P-module, we denote by Ad its pullback along 
this morphism of ringed spaces. We write 

M0D7?,(Z) 
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for the category of quasi-coherent 7^-modules. Then we have an equivalence 

(8.2) M0D7^(Z) ^ M0D(Spec(7^)) 

defined hy M ^ M.. 

Define categories CAlgM^ and ASch°PMz as follows. An object of CAlgM^ is 
a pair {TZ,A4) with TZ a commutative quasi-coherent O^-algebra and A4 a quasi- 
coherent 7?.-module, and a morphism from to {TV,M') is a pair consisting 

of a morphism TZ^TV oi Ojf-algebras and a morphism M M.' of Ox-modules 
compatible with it, in the sense that the square 

TZ ®Ox ^ 

1 

TZ' ®Ox M' -^ M' 

dehned hy TZ — TZ', M M', and the actions of 7?. on Ad and TZ' on M', 
commutes. The identities and composition of CAlgM^ are defined componentwise. 
An object of ASch°PM 2 is a pair {Y,J\f) with Y a scheme over Z and Af a quasi- 
coherent Oy-module, and a morphism from (Y,Af) to {Y',Af') is a pair (i, t) with 
i a morphism Y' ^ Y over Z and t a morphism 

i*Ar N' 

of Oy'-modules. The identity of (Y,J\f) is (ly, Ijv), and {i', l') o (i, l) is (i", t") with 
i" = i o i' and i" the composite, modulo the pullback isomorphism, of l and t'. 

We have an equivalence 

(8.4) CAlgM^ ^ ASch°PMz, 

where {TZ, Ad) is sent to (Spec(7?.), Ad) and {TZ, Ad) —>• {TZ', Ad') is sent to {i, l) with 
i the morphism of spectra induced hy TZ ^ TZ' and l : i*M ^ M' the composite 

i*M ^ {TZ' Mr ^ 

in which the first arrow is the canonical isomorphism which follows from the natu- 
rality of and the second arrow is obtained by applying the equivalence (18.21) 
with TV for TZ to TV M —>■ Ad' corresponding to Ad —>■ Ad'. 

The assignments Z i—> CAlgM^ and Z i—> ASch°PM 2 define fibred categories 
CAlgM and ASch°PM over the category of schemes, with the pullback functors and 
pullback isomorphisms defined using those for the fibred categories of quasi-coherent 
sheaves and of relative schemes. We now have a commutative square 

CAlgM -^ ASch°PM 

( 8 - 5 ) 1 1 

CAlg ASch°P 

of fibred categories over the category of schemes, with the top and vertical arrows 
given as follows. The top arrow is defined by the equivalences (18.4L with the 
compatibility isomorphisms for j \ Z' ^ Z defined using the compatibility of Spec 
with pullback together with the commutative square of ringed spaces whose bottom 
and top arrows are and (18.1|1 with {Z,TZ{ replaced by {Z',f *TZ{. The left and 
right arrows of (18.51) are defined by the functors that send {TZ, M) to TZ and {Y,Af) 
to Y, with the compatibility isomorphisms the identity. 
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The category of i?-objects in CAlg is the category of commutative quasi-coherent 
i?-algebras, which in turn is the category of commutative algebras in MOD//(X). 
Also the category of iJ-objects in ASch”^ is the same as the dual of the category of 
affine _ff°P-schemes. Thus Spec defines an equivalence from the category of commu¬ 
tative quasi-coherent iJ-algebras to the dual of the category of affine H°p- schemes. 

Let 7?. be a commutative quasi-coherent iL-algebra. Then iL-objects in CAlgM 
with image TZ under the left arrow of (18.5p may be identified with a 72.-modules in 
MOD//(A), as is seen by taking diTZ for TZ and do*TZ for TZ' in (18.31) . A morphism of 
iL-objects in CAlgM lying above the identity of TZ is then the same as a morphism of 
7^-modules in MOD//(A). We call an 7?.-module in MOD//(A) an (iL,7?.)-module, 
and write 

MOD//,7 j(A) 

for the category of [H, 7?.)-modules. 

Let X' be an affine iL°P-scheme, and write 

H' = (iL°P xx A')°P. 

Then iL-objects in ASch°PM with image X' under the right arrow of (18.5p may be 
identihed as follows with affine TL'-schemes: if 

i : do*X' A d*X' 

is the action of on X' and pi : d*X' —>■ X' is the projection, then the structure 
of iL-object on {X',A4') in ASch°PM given by (i,t) corresponds to the structure 

(pi o i)*M' ^ i*p{M' 4 po*M' 

of iL'-module on M.'. A morphism of iL-objects in ASch°PM lying above the identity 
of X' is then the same as a morphism of iL'-modules. 

We may regard the iJ°P-scheme X' as an iL-scheme in the usual way by inverting 
the action isomorphism. We then have 

(iJ°P xx A')°P = H xx A'. 

If we take 

A' = Spec(7^) 

for a commutative iL-algebra TZ, then since the functors (18.41) are equivalences, 
the top arrow of (|8.5I) thus gives an equivalence from the category of iL-objects 
in CAlgM above TZ to the category of iL-objects in ASch°PM above A'. With the 
identihcations above, we thus obtain an equivalence 

(8.6 ) MOD//,k(A) ^ MOD//x^x'(^')- 

It sends A4 to A4 with an appropriate structure of {H Xx A')-module, and in par¬ 
ticular TZ to Ox' ^ and it commutes with pullback along a morphisms pregroupoids 
over A. Considering morphisms with source TZ and Ox' thus gives an isomorphism 

(8.7) iL^(A,V) AiL^^,x'(^',V) 

which is natural in V in MOD//^ 7 ^(A), and commutes with pullback along mor¬ 
phisms to of pregroupoids over A. 

By a representation of (Lf, TZ) we mean an (H, 77.)-module V such that locally 
on A, the underlying 7?.-module of V is a direct summand of a free 72.-module of 
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finite type. We denote by ModLL,TC(X) the category of representations of {H,TZ). 
By restriction of (18.61) , we obtain an equivalence 

( 8 . 8 ) ModH,niX)^ModHxxX'iX'), 

because V is a representation oi H Xx X' if and only if V is a representation of 


9. Finite etale algebras 


In this section k is a field, X is a non-empty k-scheme, and H is a pregroupoid 
over X. 


This section contains some rather technical results concerning finite etale H-al¬ 
gebras and their filtered colimits, which will be required in Sections ITUl and IT^ 

Let 7^ be a finite locally free Ox-algebra. Then we have a trace morphism 

tr : 7^ —^ Ox 

of Ox-modules, which is compatible with pullback. If TZ is an TL-algebra, then tr 
is a morphism of 7L-modules. 

Suppose that TZ is finite etale. Then locally in the etale topology, TZ is isomorphic 
to a finite product of copies of Ox. If V and V' are Ox-modules, and 

m : TZ 0Ox V V' 

is an Ox-homomorphism, there is thus a unique Ox-homomorphism 

m! \V ^TZ ®Ox 

such that the composite of the 7^-homomorphism TZ^Ox ^ TZ^Ox correspond¬ 
ing to m' with ir®Ox^' is m. If V and V' are 7L-modules and TZ is an 7L-algebra, 
then m' is a morphism of 7L-modules if m is. If V = V' is an 7?.-module and m is 
the action of TZ on V, then m' is an 7^-homomorphism, and mom' is the identity 
of V. For every 72.-module V, the composite 

Hom7^(V,7^) ^ Homo^(V,7e) ^ Homo^(V,Ox) 

is an isomorphism, where the first arrow sends an 7^-homomorphism to its under¬ 
lying Ox-homomorphism and the second is defined by tr. If TZ is an 7L-algebra, 
then for every {H, 7?.)-module V, the composite 

(9.1) HomnMV, TZ) Hom^^(V, TZ) Homjj(V, Ox) 

is an isomorphism, where the first arrow sends an (H, 7?.)-homomorphism to its 
underlying 7L-homomorphism and the second is defined by tr. 


Lemma 9.1. Let TZ be a commutative H-algebra. 

(i) IfTZ is finite etale and V is an [H,TZ) -module, then V is a direct summand 

ofTZ®Ox 

(ii) If TZ is finite, locally free, and nowhere 0, and X is of characteristic 0, 
then Ox is a direct summand of TZ. 


Proof, (i) If m above is the action of TZ on V, then m and m' are morphisms of 
{H, 72.)-modules with mom' the identity of V. 


(ii) The identity Ox — TZ composed with tr 


hence is invertible. 


TZ —Ox is the rank of TZ, and 

□ 
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Let iL be a pregroupoid over X such that H^{X, Ox ) is a local fc-algebra with 
residue field k. Then given an iL-module V, we have a canonical pairing 

(9.2) Homff (V, Ox) H^^X, V) ^ Ox) ^ k 

where the first arrow is sends u® v to u{v) and the second arrow is the projection 
onto the residue field. We write 

V) 

for the kernel on the right of this pairing. It is an (X, Ov:)-submodule of 
H^{X,V). We have a commutative square 

Homff (V', Ox) H%iX, V) -^ Hom^(V, Ox) H%iX, V) 

(9.3) I 

RomHiV,Ox)(^kH%iX,V) -^ k 

associated to any morphism / : V —^ V' of 7L-modules. Thus is a 

subfunctor of H^{X, —) on 7J-modules. 

Let TZ be an algebra (not necessarily unitary, commutative, or associative) in 
MODjj(X). Then H%{X,TZ) is an iL)^(X, Ox)-algebra, and '^^'^H%{X,n) is a 
two-sided ideal of H^{X, TZ). Indeed if we write {u, a) for the image of u 0 a under 
(19.211 . then 

{u{—a),a') = {u,a'a) = {u(a!—),a) 
for every a and a' in H'^{X, TZ) and u : TZ ^ Ox- 

Let V be a representation of H. Then for every integer r > 0, the open and 
closed subscheme of X where V has rank r is an iL-subscheme of X. In particular, 
if the fc-algebra H^{X, Ox) is indecomposable, then V has constant rank. 

Proposition 9.2. LetTZ be a finite etale H-algebra, and denote by X' the H-scheme 
Spec(7^). Suppose that H^{X, Ox) and Hfj{X, TZ) are local k-algebras with residue 
field k. Then for every (H,TZ)-module V, (18.711 induces an isomorphism 

on k-vector subspaces. 

Proof. Write H' = H Xx X'. Then we have a diagram 

RomH,TziV,TZ)®kH°HiX,V) -^ KiX,TZ) - > H%{X,Ox) 

tlomH'(y,Ox')®kHfj,{X',V) -^ H%,{X',Ox') -^ k 

where the vertical isomorphisms are defined using the equivalence (I8.6|l . the left 
horizontal arrows by composition, the top right arrow by the trace, and the two 
arrows with target k are the projections onto the residue field. The left square of 
the diagram commutes by functoriality. To see that the right square commutes, it 
is enough to show that if s is an element of the maximal ideal of (X, TZ) then 
tr(s) lies in the maximal ideal of H^{X, Ox), or equivalently that tr(s) = 0, where 
s is the image of s in iL°(X, TZ) with X the inverse image in X of the closed point 
of the spectrum of Hfj{X, Ox) and TZ = TZ®Ox •^x- ® finite over k, because 

by the Cayley-Hamilton Theorem s is finite over H^{X, Ox). Also s is contained 
in the maximal ideal of the image of Hfj{X,TZ) in H'^{X,TZ). Thus s is nilpotent. 
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SO that the cross-section tr(s) of is locally nilpotent. Since tr(s) also lies in the 
image k of H^{X, Ox) in Oj^), it follows that tr(s) = 0, as required. 

Modulo the isomorphism given by the composite (I9TD . the composite of the 
top two arrows of the diagram coincides with the first arrow of (19.211 . The result 
follows. □ 


Let (XA)AeA he a filtered inverse system of schemes affine over X. Then the 
limit X' of (Xa)agA exists and is affine over X. If iJ is a pregroupoid over X 
and (XA)AeA is an inverse system of iJ-schemes, then X' has a unique structure of 
iL-scheme for which the projections are iL-morphisms, and X' is then the limit of 
(XA)AeA in the category of iL-schemes. 

Finite limits and finite colimits of finite etale Ox-algebras are finite etale, and 
are preserved by pullback. The forgetful functor from the category of finite etale 
iL-algebras to the category of finite etale Ox-algebras thus creates limits and col¬ 
imits. The image TZ" of any morphism TZ^ TV oi finite etale Ox-algebras is finite 
etale, and TZ' is faithfully flat over TZ". 

Lemma 9.3. Any colimit TZ of finite etale H-algebras is the colimit of a filtered 
system {TZ\)\^a of finite etale H-algebras with TZ faithfully flat over TZ\ for each 
A e A. 


Proof. Any finite colimit of finite etale Ox-algebras is finite etale. Thus TZ is the 
colimit of a filtered system (72.a)agA of finite etale iL-algebras. Denote by TZ\ the 
image of TZ\ —^ TZ. Then TZ\ coincides on any affine open subscheme of X with the 
image of TZ\ TZ\i for A' large. Thus TZ\ is finite etale, TZ is the colimit of the 
TZ\, and TZ is faithfully flat over TZ\. There is then a unique structure of iL-algebra 
on TZ\ such that TZ\ —>■ TZ\ and TZ\ —>■ TZ are iJ-morphisms. Replacing TZx by TZx 
now gives what is required. □ 


Lemma 9.4. Let (VA)AeA be a filtered system of H-modules with colimitV. Suppose 
that X is quasi-compact and that V\ ^ V is universally injective for each A G A. 
Then the canonical map 

colimiL^(X,VA) ^iL^(X,V) 


is bijective. 


Proof. Using Lemma 13.21 we may after replacing X by the disjoint union X' of 
a finite set of affine open subschemes covering X, and iL, (Va) and V by their 
pullbacks onto X', suppose that X is affine. 

We have an equaliser diagram 


H°j{X, W) -^ H^iX, W) H°{H[^,dfW), 


natural in the iL-module W, with one parallel arrow pullback along di and the other 
pullback, modulo the action dfW ^ d^fW of H on W, along do. If T denotes 
one of H^{X,—) or ), then the canonical map from colimAgAR(V a) 

to T(V) is bijective in the first case, because X is affine, and injective in the second 
case, because its component at each A G A is injective. The result follows. □ 


Lemma 9.5. Let {TZ\)x^a be a filtered system of commutative H-algebras, with 
colimit TZ. Suppose that X is quasi-compact and that TZ is faithfully flat over TZx 
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for each A G A. Then the canonical map 

colim (7^A ®Ox ®Ox HomH^TZ ®Ox V^'hl^Ox 

is bijective for every H-module V and representation V' of H. 

Proof. Replacing V by ®Ox suppose that V = Ox- It then suffices 

to apply Lemma lOl with TZx ®Ox ^ lor V. □ 

Lemma 9.6. Let (7^a)agA ^6 ® filtered system of commutative H-algebras with 
colimit TZ. Suppose that TZ is faithfully flat over TZ\ for each A e A, that X is 
quasi-compact and quasi-separated, and that is quasi-compact. Then every 
representation of {H, TZ) is isomorphic to TZ iSi-Rx Vo far some A S A and represen¬ 
tation Vo of {H,TZ\). 

Proof. Let X' be the disjoint union of a finite set of affine open subschemes covering 
X, then X' ^ AT is quasi-compact, so that {H X[x] [-A'])[i] is quasi-compact. Using 
Lemma [3.21 we may thus suppose, after replacing X by X', and H, TZ, {TZ\) and 
W by their pullbacks onto X', that X is affine. 

Let V be a representation of {H, TZ). The underlying 7?.-module of V is the image 
of an idempotent endomorphism e of a free 7^-module TZ^. If we regard dfTZ'^ as 
a (ii*7?.-module using the action of H on TZ, the action of 7L on V may then be 
identified with a morphism of di*7?.-modules 

a : di*TZ^ do*TZ^ 

such that do eoaodfe = a. Taking H = X m. Lemma l9.51 with X replaced by iL[i] 
in the case of a, shows that there exists a A such that e arises from an endomorphism 
eo of the 7?.A-module TZxf, and a from a morphism of di*7^A-uiodules 

ao : dfTZfa ^ do*TZx^ 

with doTZxf regarded as an di*7?.A-module using the action of IT on TZ\. Using the 
faithful flatness of TZ over TZ\, we obtain from cq an 7?.A-module Vo equipped with 
an isomorphism t from TZ (SiUx Vo to V, and from ao a structure of representation 
of {H,TZ\) on Vo such that t is an (iL, 7?.)-isomorphism. □ 


Lemma 9.7. Let H ^ H' be a morphism of pregroupoids over X, and X' be an 
H'-scheme. Suppose that X' ^ X is surjective, that k is of characteristic 0, and 
that one of the following conditions holds. 

(a) X' is finite etale. 

(b) X' is a filtered limit of finite etale H'-schemes, X is quasi-compact and 
quasi-separated, and and are quasi-compact. 

Then every representation of H Xx X' is a direct summand of a representation 
of H' Xx X' if and only if every representation of H is a direct summand of a 
representation of H'. 


Proof. We may write X' = Spec (7?.), where TZ is an TL'-algebra which is nowhere 0 
and which is finite etale if (a) holds and is the colimit of a filtered system (72.A)AeA 
of finite etale TL'-algebras if (b) holds. If |(b)| holds, we may assume by Lemma 19.31 
that TZ is faithfully flat over each TZ\. 

By the equivalence (j8.611 . it will suffice to prove that every representation of 
(77,72.) is a direct summand of a representation of (77', 72) if and only if every 
representation of 77 is a direct summand of a representation of 77'. The “if” clear, 
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because Lemmas 19. and 19.61 show that every representation of {H, TZ) is a direct 
summand of TZ ^Ox ^ ^ representation V of H. 

To prove the “only if”, let V be a representation of H, and suppose that TZ®Ox ^ 
is a direct summand of a representation of {H', TZ). Then by Lemmas l9.]|l'i)| and l9.61 
TZ®Ox V is a direct summand of TZ®Ox W some representation W of H'. Thus 
if |(a)| holds, then V is by Lemma I9.]|l'ii)| a direct summand of the representation 
TZ®Ox W of H'. If |(b)| holds, then by Lemma [931 TZx ®Ox V is a direct summand 
of TZx ®Ox for some A G A, so that V is by Lemma EM a direct summand of 


the representation TZx ®Ox ^ of iL'. 


□ 


10. Fundamental groupoids 

In this section k is a field, X is a non-empty k-scheme, and H is a pregroupoid 
over X. 

In this section we prove the existence of initial objects in certain full subcategories 
of the category of transitive affine groupoids over H. These occur as quotients of 
the universal reductive reductive groupoids Section [T51 Their existence is however 
much easier to prove than that of universal reductive groupoids, because they are 
unique up to unique isomorphism and not merely up to conjugacy 

We say that an iL-scheme Y is H-connected if it has no open and closed iL-sub- 
scheme other than 0 and X. It is equivalent to require that Y have no decomposition 
Yq II Yi as the disjoint union of open iJ-subshemes with neither Yq nor Yi empty. 
If k' is a purely inseparable extension of k, then Y is iJ-connected if and only if Yk' 
is ATfe'-connected. Also Y is iL-connected if and only if Y is {H Xx T)-connected 
if and only if ^y) bas no idempotent 7 ^ 0 , 1 . 

We say that Y is geometrically H-connected if for every finite separable exten¬ 
sion k' of k the Hk'-scheme Y^i is iJfe'-connected. It is equivalent to require that 
HhxxyO^t^y) should contain no finite etale fc-subalgebra other than k. Consid¬ 
ering graphs shows that it is also equivalent to require that the functor from finite 
etale fc-schemes to finite etale {H Xx T)-schemes defined by pullback onto Y be 
fully faithful. 

For any integer r > 0, the open and closed subscheme of X where a given 
representation of H has rank r is an iL-subsheme of X. Thus if X is iL-connected, 
then any representation of H has constant rank. The same holds for locally free 
iL-schemes of finite type. 

Suppose that X is Lf-connected, and let F be a finite locally free iL-scheme over 
X. Then Y has constant rank r. Thus Y is the disjoint union of a finite number 
< r of connected open and closed iL-subschemes. Further Hhxxy(^^^y) has a 
finite etale fc-subalgebra k', of degree < r, which contains every etale subalgebra. 
If H' and Y' are obtained from H and F by a finite separable extension of scalars 
along a splitting field for k', then Y' is the disjoint union of a finite number < r 
of geometrically TL'-connected iL'-schemes. If F is iL-connected, then k' is a finite 
separable extension of k. In this case we may regard F, with its structure of 
A:'-scheme given by the embedding of fc', as an iJfc/-scheme over the /c'-scheme X^’, 
and F is then geometrically iLfc'-connected. 

Call an iL-scheme H-proetale if it is a limit of finite etale iL-schemes. Any limit 
of iL-proetale iL-schemes is iL-proetale. By Lemma 13^ any iL-proetale iL-scheme 
X' is the limit of a filtered system (Af^jAeA of finite etale iL-schemes with each X' 

Xx faithfully flat. For any such system {Xx)x&A, and any finite etale iL-scheme F, 
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the canonical map 

(10.1) colimHom//(XA, F) —> Homij(lim Xa, F) 

AeA AeA 

is bijective provided that either X is quasi-compact or X is i?-connected. Indeed 
if y = Spec(7?.) and X\ = Spec(7^A), then any morphism of i/-algebras from 71 to 
colim TZx factors through some TZx on any given quasi-compact open subscheme of 
X, and hence on X itself when X is 7J-connected because then both 7Z and the 
inverse image of 7Zx in 7Z have constant rank. 

Let Y be an iJ-scheme. We may identify (17 Xx y)-schemes with iL-schemes 
equipped with an iJ-morphism to V. Suppose that Y is iL-proetale, and that X is 
quasi-compact and quasi-separated and iL[i] is quasi-compact. Then by Lemmas l9.5l 
and l9.61 for any finite etale (H Xx y)-scheme Y' there exist finite etale iL-schemes 
lb and X' such that F' —5> F is the pullback along an iJ-morphism F —5> Fq of an 
iL-morphism X' —>■ Fq. In particular, F' is an iJ-proetale iJ-scheme. From this 
and the bijections (lIO.ip it follows that (H Xx F)-proetale (H Xx F)-schemes may 
be identified with morphisms of 7L-proetale iJ-schemes with target F. 

Let iF be a transitive affine groupoid over X, and X' be a finite etale iF-scheme 
over X which is geometrically iF-connected. Then K XxX' is transitive affine over 
X' . This can be seen by reducing in the usual way to the case where X = Spec(fc). 

Lemma 10.1. Let K be a proetale groupoid over H and k' be a finite extension of 
k. Then K is initial in the category of proetale groupoids over H if and only if K}~' 
is initial in the eategory of proetale groupoids over Hk' ■ 

Proof. Consider the functor from proetale groupoids over H to proetale groupoids 
over Hk' defined by extension of scalars. If k' is separable over k it has a right adjoint 
given by Weil restriction, while if k' is purely inseparable it is an equivalence. It 
remains to prove that Kk' initial implies K initial for k' finite Galois over k. This 
is clear by Galois descent. □ 


Let C be a full subcategory of the category of transitive affine groupoids over 
H which is closed under the formation of finite products, filtered limits, transitive 
affine subgroupoids over H, and affine quotient groupoids. Then the following 
conditions are equivalent: 

(1) C has an initial object; 

(2) for any K of finite type in C, the intersection of two transitive affine 
sugroupoids over H oi K is transitive affine; 

(3) for any K and K' of finite type in C, the equaliser of two morphisms from 
K to K' over H is transitive affine. 


Indeed [(Ty| clearly implies (2) and considering the graphs of morphisms shows that 
|(2)| implies |(3)[ Assume (3) To see that |(1)| holds, consider the full subcategory Co 
of C consisting of those K that have no transitive affine subgroupoid over H other 
than K. Given K of finite type in C, there is at most one morphism from Kq to K 
in C for any Kq in Cq, and there is a Kq in Cg for which such a morphism exists, 
because K has a subgroupoid in Cg. Since Cg is essentially small, the filtered limit 
lim^oeCo ^0 exists, and there exists a unique morphism from it to any K of finite 
type in C. 


Proposition 10.2. If X is geometrieally H-connected, then the category of proetale 
groupoids over H has an initial object. 
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Proof. We show that condition |(2)| above holds with C the category of proetale 
groupoids over H. Let Ki and K 2 be transitive subgroupoids over H of K. The 
KfKi are finite etale if-schemes whose base cross-sections Si are iJ-morphisms. 
The iL-morphism to the product of the KjKi defined by the Si factors as 

X ^ Z ^ K/Ki xx KIK 2 

with Z a if-subscheme of K/Ki Xx KIK 2 which is iL-connected. Then Z is 
geometrically iL-connected by the existence of s, and hence a transitive iti-scheme. 
Thus the stabiliser Kg of s is a transitive subgroupoid over H oi K contained in 
Ki n K 2 . Hence Ki n K 2 is transitive. □ 

Suppose that X is geometrically iL-connected. Then we denote by TTH^et{X) the 
initial object of the category of finite proetale groupoids over H. For any proetale 
groupoid K over H, the unique morphism iTH.etiX) —^ K over H is faithfully flat 
if and only if K has no proetale subgroupoid over H other than itself. 

Proposition 10.3. Suppose that for every finite separable extension k' of k 

Hjj^,iXk>,{Gm)k') = k'*. 

Then the category of groupoids of multiplicative type over H has an initial object. 

Proof. We show that condition |(2)| above holds with C the category of groupoids 
of multiplicative type over H. Since K is commutative, its diagonal is a constant 
if-group Gx- 

We begin by showing that any two morphisms hi and /12 over H from Ijx] to 
K coincide. We may regard hi as a trivialisation of K, so that K is the constant 
groupoid G[x] over H, and hi is the constant morphism. Making a finite separable 
extension of scalars and embedding G into a finite product of multiplicative groups, 
we may assume that G = Gm- Writing G'[x] = IsO/^lGy). we may regard /12 as a 
trivialisation of the constant principal (7L, Gj-bundle Gx , i.e. as a pair (P, 6) up to 
isomorphism with P a principal G-bundle over k and t an (iL, G)-isomorphism from 
Px to Gx- Since G = G^, any such pair is isomorphic to (G, Igx) by Hilbert’s 
Theorem 90 and the condition on X. Thus h 2 = hi. 

Now let K' be a transitive affine subgroupoid over H of K. Since K and K' 
are commutative, the diagonal of if' is a constant if-subgroup G'x of the diagonal 
Gx of K. The image of K' in K/G'x is then a subgroupoid l[x] of K/G'x over 
H, and K' is the inverse image of l[x] in if. By what has already been proved, a 
subgroupoid Ijx] over ii of a quotient of if is unique when it exists. Thus transitive 
affine subgroupoids of if may be identified with those fc-subgroups G' of G for which 
if /G'x has a subgroupoid l[x] over ii. Since 

if/(Gi n G2 )x = if/Gix Xif/(GiG2)x K/G 2 X, 
the required result follows. □ 

An affine i-group will be said to be of proetale by multiplicative type if it is and 
extension of a proetale fc-group by a fc-group of multiplicative type, and transitive 
affine groupoid will be said to be of proetale by multiplicative type if its fibres above 
the diagonal are. 
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Proposition 10.4. Suppose that X is geometrically H-connected and that for every 
finite separable extension k' of k and non-empty geometrically Hk'-connected finite 
Stale Hk' -scheme X' over Xk' we have 

HHyxx.,x'{X', (Gm)fe') = k'*. 

Then the category of groupoids of proetale by multiplicative type over H has an 
initial object. 

Proof. We show that condition | (3) | above holds with C the category of groupoids of 
proetale by multiplicative type over H. To show that the equaliser of morphisms 
hi and /12 from K to K' over H is transitive affine, we may suppose after a finite 
separable extension of scalars that 


Ket = IS0(3(P) 

for an etale fc-group G and principal {H, G)-bundle P. Then P is hnite etale over 
X, and after a further finite separable extension of scalars we may suppose that P 
has an if-connected component X' which is geometrically iJ-connected. Pulling 
back along [X'] —>■ [X], we may suppose that there is a morphism of groupoids over 
H from [X] to K^t. Its composites with hiet and /i 2 et coincide by Proposition [1021 
Replacing K and K' by K and K' Xk'^^ [-^], we may suppose finally that 

K and K' are of multiplicative type. The equaliser of hi and h 2 is then transitive 
affine by ProDOsition ll0.3l □ 

Lemma 10.5. A transitive affine groupoid K over X is proetale if and only if there 
exists a faithful K -proetale K-scheme. 

Proof. The “if” is clear because acts trivially on any finite etale it'-scheme. 

Suppose that K is proetale. To prove that there exists a faithful RT-proetale 
itT-scheme we may suppose that K is hnite etale, because if we write K as the 
hltered limit of its hnite etale quotients K\, the product of faithful itTA-proetale 
ifA-schemes is a faithful if-proetale RT-scheme. Using Lemma 15?^ we may suppose 
further that X = Spec(fc') for a /c-algebra k', then after writing k' as the hltered 
colimit of its hnitely generated fc-subalgebras that k' is hnitely generated, next after 
choosing a closed point that k' is a hnite extension of k, and hnally after taking the 
separable closure of k in k' that k' is hnite separable over k. In that case do dehnes 
a structure of hnite etale scheme over X on RT, and K acts faithfully on itself by 
composition. □ 

Let Z be a hnite etale scheme over X. Then the groupoid Isoy jZ) over X, with 
points in T above (a;o,xi) the set of isomorphisms from Z Xx,xi T to Z Xx,xo T 
over T, exists, and it is hnite etale when Z has constant rank over X. An action 
of a pregroupoid over X on Z is the same as a morphism over X to IsO yfZl. 

Let X' be a hnite etale scheme over X of constant rank. Then IsOy fX'l is a 
hnite etale groupoid over X. Let Xi be a closed subscheme of X' which is etale 
of constant rank over X. Then Xi is also an open subscheme of X', so that 
X' = Xi n X 2 with X 2 hnite etale of constant rank over X. The embeddings of 
Xi and X 2 into X' then dehne an open and closed immersion 

I§Oa:(^i) ^ [A] Isox(-A2) —5’Isoa:(X') 


(10.2) 
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of transitive affine groupoids over X. If X' has a structure of iJ-scheme, then Xi 
is a closed iJ-subscheme of X if and only the action 

H ^JsOxiX') 

of H on X' factors through (I10.2p . 


Lemma 10.6. Let K be a proetale groupoid over H. Denote by oj the canonieal 
functor from the category of K-proetale K-schemes to the category of H-proetale 
H-schemes. 

(i) w is fully faithful if and only if X is geometrically H-connected and K has 
no proetale subgroupoid over H other than itself. 

(ii) Lo is an equivalence if and only if K is initial in the category of proetale 
groupoids over H. 


Proof, (i) Suppose that oj is fully faithful. Then considering constant itT-schemes 
shows that X is geometrically i/-connected. Let K' be proetale subgroupoid of K 
over H. Then K/K' is a transitive proetale iti-scheme, and its base cross-section is 
an 77-morphism from X to KjK'. Thus there is a TtT-morphism from X to K/K'^ 
so that K/K' = X and K' = K. 

Conversely, suppose that X is geometrically connected and that K has no 
proetale subgroupoid ^ K over H. Then nH,et{X) exists by Proposition 110.21 
and K is a quotient of it. Let X' be a finite etale 7L-scheme, and Xi be a closed 
etale i7-subscheme of X' with complement X 2 . Then the action of H on X' factors 
through (110.21) . Thus the action of K on X' factors through (110.21) . because the 
unique morphism over H from 7TH,et{X) does. Hence Xi is a TL-subscheme of X'. 
By considering graphs, it follows that the restriction of uj to the category of finite 
etale TL-schemes is fully faithful. Hence ui is fully faithful by the bijections (jlO.ip . 


(ii) Suppose that K is initial in the category of proetale groupoids over H. Then 
w is fully faithful by Proposition IIP. 21 and |(i)[ If X' is a finite etale 77-scheme, then 
the action of 77 on X' factors uniquely through an action of K on 77'. Together 
with the full faithfulness, this shows that oj is essentially surjective. 


Conversely suppose that oj is an equivalence. Then by Proposition ll0.2l and (i) 
TTH^etiK) exists and the unique morphism nn^etiK) —>■ K over 77 is faithfully flat. 
By Lemma [10.5l there exists a faithful 7r//_et(f'f)-scheme Z. Since oj is essentially 
surjective, Z is 77-isomorphic to a 7f-scheme Z'. Then Z and Z' are 7r//_et(-^)-iso- 
morphic by (i) applied to nn^etiX), so that K has trivial kernel. □ 


Lemma 10.7. Let K be a proetale groupoid over X and X' be a transitive K-scheme. 
Suppose that either X' is finite or that X is quasi-compaet and quasi-separated and 
77[i] is quasi-compact. Then K Xx X' is initial in the category of proetale groupoids 
over 77 Xx X' if and only if K is initial in the category of proetale groupoids over 

77. 


Proof. We may identify (77 Xx X')-proetale (77 Xx X')-schemes with objects over 
X' in the category of 77-schemes, and similarly with 77 replaced by K. It is thus 
enough to show that the functor oj of Lemma 110.61 is an equivalence if and only 
if it induces an equivalence on categories of objects over X'. The “only if” is 
immediate. Since X' is the filtered limit of schemes afhne and faithfully flat over 
77, it is faithfully flat over X. The “if” thus follows from faithfully flat descent. □ 
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We say that X is geometrically simply H-connected if it is non-empty and geo¬ 
metrically i?-connected, and if every finite etale iJ-scheme is constant. 

Suppose that X is geometrically simply iJ-connected. Then pullback onto X 
defines an equivalence from the category of finite etale fc-schemes to the category 
of finite etale i?-schemes, and hence by the bijections (jl 0 . 1 |) . from the category of 
proetale fc-schemes to the category of proetale iJ-schemes. 

Let k' be an extension of k. If k' is finite separable, then X^' is geometrically sim¬ 
ply iJfc'-connected if and only if X is geometrically simply iL-connected. The same 
holds if k' is purely inseparable, because then pullback defines for every /c-scheme Z 
an equivalence from finite etale schemes over Z to finite etale schemes over Z^' ■ If 
X is quasi-compact and quasi-separated and iL[i] is quasi-compact, the same holds 
for k' algebraic, by Lemmas 19.51 and 19.61 

Lemma 10.8. Let K be a transitive affine groupoid over X. Then X is geometri¬ 
cally simply K-connected if and only if K has connected fibres. 

Proof. We reduce first to the case where X is affine, then to the case where k is 
algebraically closed, and finally to the case where also X = Spec(fc). The result is 
then clear. □ 

We call an iJ-scheme X' a geometric universal H-cover of X if X' is iL-proetale 
and geometrically simply {H Xx ^^"Connected. If X is quasi-compact and quasi- 
separated and iL[i] is quasi-compact, a proetale iL-scheme X' is a geometric univer¬ 
sal iJ-cover of X if and only if every iJ-morphism X” —>■ X' with X" iL-proetale 
is the pullback along the structural morphism of X' of a proetale /c-scheme. 

A geometric iJ-universal cover of X need not exist, and need not be unique up 
to iJ-isomorphism when it does exist. 

Suppose X is geometrically iJ-connected, and that X is quasi-compact and quasi- 
separated and iL[i] is quasi-compact. Then a 7 r^f_et(-^)-scheme X' is a geometric 
universal H-caver of X if and only if it is a geometric universal 7 r//_et(-^)-cover of X 
if and only if X' is a transitive 7 r//^et(A)-scheme and 7 r^f_et(A') XxX' is connected if 
and only if the right 7 r//^et(-A)‘^‘'^ 8 '-scheme associated to X' is a 7 rij_et(Ar)‘^'®'®-torsor. 
If k is separably closed, it follows that a geometric iJ-universal cover of X exists, 
and is unique up to iL-isomorphism. Similarly if a: is a fc-point of X, a geometric 
iL-universal cover of X exists with a /c-point above x, and is unique up to unique 
base-point-preserving H -isomorphism. 

11. Groupoids and Galois extended groups 

In this section k is perfect field and k is an algebraic closure of k. 

In this section we describe the equivalence between transitive affine groupoids 
over an algebraic closure A: of a perfect field k and Galois extended fc-groups, which 
are affine fc-groups D equipped with extra structure. When k is of characteristic 0, 
this extra structure is simply a topological extension E of Gal(fc/fc) by Dikffi. This 
case will be used in Sections [TH] and HOI classify principal bundles under a reductive 
group over curves of genus 0 or 1 . 

Lemma 11.1. Suppose that k is algebraically closed. 

(i) Any surjective k-homomorphism of affine k-groups induces a surjective 
homomorphism on groups of k-points. 

(ii) The group of k-points is Zariski dense in any affine k-group. 
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Proof, (i) Let : G —>■ G' be a surjective fc-homomorphism of affine fc-groups. To 
prove that h induces a surjective homomorphism on /c-points, we may suppose that 
G' is reduced and hence that h is faithfully flat. The fibre of h above a fc-point of 
G' is then a principal bundle under Ker/i, and has thus a fc-point by Lemma 17.21 


(ii) Any afhne fc-group G is the limit lim^j G\ of its fc-quotients of finite type. 


The inverse images in G of the open subsets U\ of the G\ form a base for the 
topology of G. Since each non-empty U\ contains a fc-point of G\, the required 
result follows from (i) □ 


Lemma 11.2. Suppose that k is algebraically closed of characteristic 0. Then for 
any affine k-group G of finite type, there exists a finitely generated subgroup ofGfk) 
which is Zariski dense in G. 


Proof. Denote by Q the class of those affine fc-groups G of finite type for which 
G{k) has a finitely generated subgroup which is dense in G. Every extension of 
fc-groups in Q lies in Q, and Q contains tori, finite fc-groups, and the additive group. 
Any connected reductive /c-group G of finite type is generated by a finite set of 
tori (i.e. has no proper fc-subgroup containing them), and hence lies in Q. Indeed if 
G' is maximal among proper fc-subgroups of G which are generated by a finite set 
of tori, there is a torus in G not contained in G' because the tori are dense in G. 
Since any affine fc-group of finite type is a successive extension of A:-groups which 
are either finite, connected reductive, or the additive group, the result follows. □ 

The forgetful functor Z \Z\ from the category of local ringed spaces over k 
to the category of topological spaces has a fully faithful right adjoint 0 i—J- 0/^, 
where 0 /k is the local ringed space over k with underlying topological space 0 
and structure sheaf the constant sheaf k. For any continuous map 0' ^ 0 and 
morphism Z —>■ 0/^ of local ringed spaces over k, the fibre product 0/^ Xs/k Z 
exists: its underlying topological space is 0' Xe \Z\ and its structure sheaf is the 
inverse image of that of Z along the projection. Formation of Q/k is compatible 
with extension of scalars. If 0 is discrete then 0/^ is a discrete ^-scheme, and if 0 
is profinite (i.e. compact totally disconnected) then 0/^ is a profinite fc-scheme. In 
general, however, 0/^ need not be a scheme, even if 0 is totally disconnected. 

Let M be a topological group. Then M/jt has a canonical structure of group 
object in the category of local ringed spaces over k. If M is discrete, then an action 
of M on a local ringed space Z over k, i.e. a homomorphism from M to k.ntk{Z), 
is the same as an action 

M/fc X Z ^ Z 

of on Z. In general, we say that an action of M on Z is continuous if the 
action 

(M^)/fe xZ^Z 

of {M‘^) on Z, where AP^ is M rendered discrete, factors (necessarily uniquely) 
through the epimorphism 

(Af‘^)/fc X Z —)• M/fc X Z. 

A continuous action of M on Z is thus the same as an action of on Z. 

The right adjoint 0 i-A- 0/^, to the forgetful functor from local ringed spaces over 
k to topological spaces has itself a right adjoint. It sends Z to Z{k), equipped the 
topology, which we call the Krull topology, with an open base formed by the sets of 
A:-points in a given open subset [/ of Z at which given sections fi, f 2 , ■ ■ ■, fn of Oz 
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above U take given values ai, 02 ,..., On in A:. If Z' is an open local ringed subspace 
of Z, then Z'{k) is an open subset of Z{k). If Z is a fc-scheme which is locally of 
finite type, then Z{k) is discrete. If Z is an affine fc-scheme, then writing Z as the 
filtered limit of affine fc-schemes of finite type shows that Z{k) is the filtered limit 
of discrete spaces. 

More generally, let k' be an extension of k. Then the functor 0 i-A 0/^/ from 
topological spaces to local ringed spaces over k has a right adjoint. It sends Z to 
Z{k'), equipped with the topology with an open base formed by the sets of A:'-points 
in a given open subset 1/ of Z at which given sections fi, f 2 , ■ ■ ■, fn of Oz above 
U take given values oi, 02 , ■.. ,an in k'. If Z has a structure of local ringed space 
over k', then Z{k')k', equipped with the Krull topology, is a subspace of Z{k'). If 
Zfc/ exists (e.g. if Z is a scheme), then the topological space Z(fc') coincides with 
Zk>{k')k'. _ 

Suppose now that k is perfect, and let k be an algebraic closure of k. For any 
A:-scheme X, the group Gal(A:/fc) acts on the left on the set X{k) of /c-points of X, 
with a in Gal(fc/fc) sending w in X{k) to 

= w o Spec(cr). 

This action is continuous for the Krull topology on X{k), because it sends basic 
open sets to basic open sets, and every basic open set is fixed by an open subgroup 
of Gal(A:/fc). We have 

for any fc-morphism f : X ^ Y. 

The category of groupoids over k has a final object 

r = Spec(A:) Spec(fc), 

which is also final in the category of graphs over k. We may regard graphs over k 
as /c-schemes using do. Then we have an isomorphism of fc-schemes 

(11.1) Gal(fc/fc)/^ A r 
which induces on fc-points over fc a homeomorphism 

(11.2) Gal(fc/fc) ^ r(% 

sending a to (Ispec(fc)’This can be seen by taking the limit over finite 

Galois extensions fcg C fc of fc of isomorphisms of finite discrete fc-schemes from 
Spec(fc) Xfe Spec(fco) to Gal(fco/fc). 

Let K be a transitive affine groupoid over fc. Then the composite of the continu¬ 
ous map F{k)-j: —>■ r(fc)jr defined by (do, di) with the inverse of the homeomorphism 
(lll.2|) is a continuous map 

7 : F(fc)^ ^ Gal(fc/fc) 

such that di(M) = Spec( 7 (M)) for every u in F{k)-^. Let u and v be elements of 
F{k)-j: C F[k). Define the product u.v of u and v as 

(11.3) u.v = u 

where o denotes the composition of F. With this product and the Krull topology, 
F{k)-^ is a topological group. To check for example the continuity of the product. 
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note that the product composed with the embedding into F{k) of the subspace 
F{k)-^ factors as 

F(kh X ^ F(k) F(k) ^ F(k), 

where the first arrow sends {u,v) to and is continuous because 7 and the 

action of Gal(fc/fc) on F(k) are continuous, and the second arrow is the composition 
and is continuous because it is defined by a morphism of fc-schemes. The map 7 is 
now a continuous homomorphism. 

It will be shown in Lemma 111.31 below that for any transitive affine groupoid G 
over k there exists a section t : T —)• G of the morphism of fc-schemes G — 5 > T. After 
translating, t can be chosen to be the identity above the diagonal. Any section t 
factors uniquely through the counit 

(11-4) ^ ^ 

for F in the category of local ringed spaces over fc. Further any point of F in a 
fc-scheme can be written uniquely in the form 

(11.5) dot{u) 

for points d of and m of F with do{u) = di{d) = do{d). 

For the proof of Lemma 111.31 we require the following fact: if Z is a filtered 
limit of reduced finite schemes over an algebraically closed field and F —>■ Z is a 
morphism which is affine and of finite presentation, then Y is locally constant over 
Z. In particular, if F —^ Z is surjective, it is a retraction. 

Lemma 11.3. Let F be a transitive affine groupoid over fc. Then the morphism of 
k-schemes (do,di) : F ^ F is a retraction. 

Proof. Consider the partially ordered set V of pairs {N, s) with N an F-subgroup 
of and s a section of the morphism of schemes {do,di) : F/N —>■ F, where 

{N, s) < {N', s') when N' C N and s' lifts s. Since any filtered limit of quotients 
of F is a quotient of F, the set V is inductively ordered. 

Let {N,s) be a maximal element of V. It is enough to show that = 1. Let 
A'o be an F-subgroup of with F/Nq of finite type, and write N' for N n Nq. 
Then the morphism F/N' —>■ F/N is of finite presentation. Now the fc-scheme F 
is reduced and profinite. Thus by the remark above, F/N' F/N has a section 
above the image of s, which defines a lifting s' of s. Then (A^', s') > [N, s), so that 
N' = N. Thus N C Nq for any Nq with F/Nq of finite type, so that A^ = 1 as 
required. □ 

Let E' and E" be topological groups. By an extension 

1 t-A F" ^ F ^ F' ^ 1 

of E' by E" we mean a topological group F together with continuous homomor- 
phisms E ^ E' and E" E such that E" —)> F is a topological isomorphism 
onto the kernel of F —F' and F F' is locally on E' a retraction of topological 
spaces. It is equivalent to require that F be a principal F"-bundle over E' in the 
usual topological sense for the action by right translation of E" on F. This notion 
will be used in what follows only when E' is profinite, and in that case E ^ E' has 
necessarily a section globally when is has one locally on E'. 

Given fc-schemes Z and Z' and a in Gal(fc/fc), define a a-morphism from Z to Z' 
as a fc-morphism / from Z to Z' such that the square formed by /, the structural 
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morphisms of Z and Z\ and Spec(tT“^), commutes. Such a u-morphism / induces 
a map from Z{k)-^ to Z'{k)-^^ which sends z in Z{k)-^ to the unique z' in Z'(k)-j^ for 
which the square formed by /, z, z', and Spec((T“^), commutes. Equivalently, if 
we identify Z{k)-^ and Z'{k)-^ with subsets of the topological spaces Z and Z', the 
map is the one induced on these subsets. The composite of a ct- morphism from Z 
to Z' with a cr'-morphism from Z' to Z" is a (cr'(T)-morphism from Z to Z". If a 
(T-morphism is an isomorphism of A:-schemes, its inverse is a cr“^-morphism, and we 
speak a tr-isomorphism, or a cr-automorphism when the source and target coincide. 

Given fc-groups D and D', a u-morphism h :£>—>•£>' of /c-schemes will be called 
a a-morphism of k-groups if the squares formed by h Xspe(.(cr-i) h, the products 
of D and D', and h, and by Spec(cr“^), the identities of D and D', and h, both 
commute. For such an h, the map from D(k)^ to D'{k)-^ induced by h is a group 
homomorphism. 

We may identify a cr-morphism from Z to Z' with a morphism of /c-schemes 

Spec(a)*Z ^ Z' 


from the pullback of Z along Spec(cr) to Z'. A cr-morphism D ^ D' oi A:-groups is 
then a /c-homomorphism from Spec{a)*D to D'. 

Denote by Tfe the full subcategory of the category of local ringed spaces over 
k consisting of of those Z for which Oz is fc-isomorphic to the constant fc-sheaf 
k. The morphism f~^Oz Oz' induced on structure sheaves by any morphism 
/ : Z' ^ Z in T/c is an isomorphism, because any fc-homomorphism between 
algebraic closures of k is an isomorphism. It follows that pullbacks along any 
morphism in T k exist in the category of local ringed spaces over k, and that Z' XzZ" 
lies in Tfe when Z, Z' and Z" do. Further binary products, and hence non-empty 
finite limits, of local ringed spaces over k hi Tk exist and lie in Tfe, because by 
(lll.l|) the product of Spec(fc) with itself lies in Tfe. 

Let E be an extension of the profinite group Gdl{k/k) by a topological group 
E'. By composing the projection from to Gal(fc/fc)^^ with (111.11) . we obtain on 
Ea. structure of graph in Tfe over fc, with E^-j^^T a retraction. There is then a 
unique morphism 


^/k ^k ^/k ^/k 


of graphs in Tfe over k whose underlying map of topological spaces is the product 
of E. It defines on a structure of groupoid in Tfe over k, with diagonal E 'If 
Z is a fc-scheme, the projection of E^-^ onto E/^. defines an isomorphism 


(11.6) ^/k ^fe ^ ^ k/k X Z 

of local ringed spaces over k. Using this isomorphism, we may identify an action 
of the groupoid E on Z with a continuous action of the topological group E 
on the underlying fc-scheme of Z such that e in T above a in Gal(fc/fc) acts as a 
cr-automorphism of Z. For a transitive affine groupoid F over fc, the counit (111.411 
is compatible with the groupoid structures. 

By a Galois extended k-group {D, E) we mean an affine fc-group D, an extension 

1 ^ £>(% ^ E ^ Ga\(k/k) 1 
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of topological groups, and a continuous action of E on the underlying /c-scheme of 
D with e in if above a in Gal(fc/fc) acting as a cr-automorphism Oe of the fc-group 
D, such that 

(a) the automorphism of D{k)j induced by Ue is conjugation by e; 

(b) for e in D{k)-^, the fc-automorphism Og of D is conjugation by e. 

A morphism of Galois extended fc-groups from {D,E) to {D',E') is a pair ih^l) 
with h a /c-homomorphism from D to D' and I a continuous homomorphism from 
E to E', such that the diagram 

1 ->■ D{k)-f: - > E - > Gal(fc/fc) - > 1 

(11.7) 

1 -^ D'(k)-i: -> E' -^ Ga\(k/k) -^ 1 

commutes, and such that h intertwines with the action of e on and l{e) on D' 
for any e in if. 

If we identify a continuous action of E on the underlying fc-scheme of D with 
an action of if/^, on if, and use (| 11 . 6 I) . then a continuous action of if on if with e 
above a acting as a cr-automorphism of the fc-group D may be identified with an 
action 

(11.8) a-. E^-^XjD ^ D 

of the groupoid E^-j^ in over fc on the fc-group D. If we write 

(11.9) e : (if(%)/fe ^ D 

for the counit, condition | (a) | is then equivalent to the condition 

( 11 . 10 ) a{w,e{v)) = e{w o V o w~^) 

on points w of E^^ and v of its diagonal {D{k)j )and |(b)| is equivalent to the 
condition 

(11.11) a{v, d) = e{v)de{v)~^ 

on points v of [D{k)-j^)j-j: and d of if. Given also a Galois extended fc-group (if', if') 
with action a' and counit e', a morphism of Galois extended fc-groups from (D,E) 
to (if', if') may be identified with a fc-homomorphism h : D ^ D' together with a 
morphism X : E^ E'^-^ of groupoids in Tfe over fc, such that 

(11.12) h(e{v)) = e'{X{v)) 
for points v of {D{k)-f:)^^, and 

(11.13) h{a{w,d)) = a'{X{w),h{d)). 
for points w of E and d of if. 

To every transitive afhne groupoid F over fc is associated a Galois extended 
fc-group F(fc)j:), where the first arrow in 

1 ^ i^'^'’^ 8 (fc)^ ^ E(k)^ Gal(fc/fc) ^ 1 

is the embedding, the second is 7 , and the action Spec( 7 (?;))*F'^‘®'® ^ ^diag 
^diag pf ^ is the action at u of A on The first arrow is a topological 

isomorphism onto the kernel of 7 because it is defined by the embedding of the 
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fibre of F above a fc-point of T over k, and 7 is a retraction of topological spaces 
by Lemma [11.31 The action of F{k)-^ on arises from the action a of the form 

(jll.81) with D — and £: = given by restricting the action of F on 

along the counit (I11.4I1 . The action is thus continuous with e above a acting as a 
cr-automorphism of the /c-group It satisfies [(a)] because (jll.lOl) holds for a by 

naturality of the counit, and |(b)| because (lll.ll|) is immediate. We obtain a functor 
from the category of transitive affine groupoids over k to the category of Galois 
extended fc-groups by assigning to F ^ F' the pair {h,l) with h the restriction to 
the diagonals and I the map induced on fc-points over k. 


Proposition 11.4. The functor from the category of transitive affine groupoids 
over k to the category of Galois extended k-groups that sends F to 
is an equivalence of categories. 


Proof. Let F and F' be transitive affine groupoids over k, and let h : F'^*®'® —>■ 
F'dia®^ and A : {F{k)-^)^-^ —^ ^'i^)k)/k define a morphism from (F'^*®'®, F(A:)^) to 

(F'di*^®, F'(A:)'jr). To prove the full faithfulness, it is to be shown that there is a 
unique morphism / : F —>■ F' of groupoids over k which induces h and A. 

By Lemma fll.31 the morphism F —>■ T over k has a section t : T F, which 
we may suppose is the identity above the diagonal. Factor t over k as t^ : T ^ 
imk),k followed by the counit (lll.ip , and write t' for A o tg composed with the 
counit for F'. By the factorisation (lll.5|) . an / inducing h and A is unique if it 
exists, because it must send d o t{u) to h{d) o t'{u) for points d of G'^*®-® and u of 
r with do{u) = di{d). The morphism / so dehned preserves the identity, and it 
preserves composition because 

h(t{u) o do t{u)~^) = t'{u) o h{d) o t'{u)~^ 

by (111.131) and 

h{t{u) o t{u') o t{u o u')~^) = t'{u) o t'{u') o t'[u o u')~^ 

by (111.121) . It is thus a morphism of groupoids over k. 

Let {D,E) be a Galois extended /c-group. To prove the essential surjectivity, 
it is to be shown that there exists a transitive affine groupoid F over k with 
(F‘^1®'®, F(A:)^) isomorphic to {D,E). 

The continuous map E —>■ Gal{k/k) has a section which sends I to I. Applying 
(“)/fc using (I1I.1|) . we obtain a section 

s : r F/-J 

to the morphism F^^ —>■ T of graphs over k, which is the identity above the diagonal. 
With s the counit (III.9L define a morphism (5 : T x-^rT —>• F by 

5{u, u') = e{s{u) o s{u') o s{u o 


and take for F the graph 

E = Dx^r 

over k, with identity (1,1) and composition o : F x-^F —>• F defined by 
{d, u) o {d', u') = {da{s{u),d')S{u, u'),uo u'). 


The composition is associative because 

5{u, u)S{u o u, u") = a{s{u), S{u', u"))S{u, u o u”) 
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by (I11.10|) . and 

(5(m, u')a{s{u o u'), d'')S{u, u')~^ = a{s{u), a{s{u'), d")) 

by (111.111) and the associativity of the action a. Also inverses exist: 

{d,u)~^ = (1 ,m)“^ o (d, 1)“^ = (e(s(u)“^ o o {d~^, 1). 

Thus T" is a groupoid over k. It is transitive affine, because F —)> T is the projection. 
By compatibility of pi.4|l with composition, the composition in 

(^(%)/fc = (om/k x^r 

is given by 

{v, u) o (v', u ) = (v o s(u) o v' o s{u ) o s{u o u , u o u). 

We thus have an isomorphism ^ E sending {v,u) to v o s{u). Along 

with £) sending (d, 1) to d, this gives an isomorphism from , F(k)-^) 

to {D,E). Indeed (111.121) is clear, while (111.131) holds for points (1 ,m) of {F{k)j) 
by (111.101) and for points (v, 1) by (111.111) . and hence for any {v,u) = {v, 1) o (l,u) 
by associativity of the actions. □ 

Dehne a loosely Galois extended k-group as a pair [D, E) with D an affine fc-group 
and E an extension Gal(fc/fc) by D{k)-^, such that for e in F above a in Gal(A:/A:), the 
automorphism d i—>■ e.d.e~^ of D{k)-j^ is induced by a cr-automorphism of the fc-group 
D. A morphism of loosely Galois extended fc-groups from (F, E) to (F', E') is a pair 
(d, j) with h an d-homomorphism from F to F' and j a continuous homomorphism 
from E to F', such that the diagram pi.71) commutes. 

If F and D' are affine fc-groups with F reduced, then two cr-morphisms of 
d-groups D ^ D' which induce the same homomorphism D{k)-^ D'{k)-^ co¬ 

incide: their equaliser is a closed subscheme of F containing the subset D{k)j, 
which is dense by Lemma lll.]|l'ii)[ It follows that for {D,E) a loosely Galois ex¬ 
tended k with F reduced, there is a for each e in F above a unique cr-automorphism 
Oe of the d-group F which induces conjugation by G on D(k)-^. Explicitly, 

Oei’^d) = e.d.e~^ 

for each d in D{k)^. Further the Ue satisfy conditions | (a) | and | (b) | above, and hence 
dehne a structure of Galois extended d-group provided that the action e i—Oe is 
continuous. Similarly if (F,F) and (F',F') are Galois extended Fgroups and F 
is reduced, then any morphism of loosely Galois extended Fgroups from (F,F) to 
(F',F') is a morphism of Galois extended fc-groups. 

By discarding the action of F on F, we have a forgetful functor from the category 
of Galois extended fc-groups to the category of loosely Galois extended fc-groups. 
This functor is faithful, and by the above remarks it is fully faithful and injective 
on objects on the full subcategory of those Galois extended fc-groups (F,F) with 
F reduced. 

Proposition 11.5. Suppose that k is of characteristic 0. Then the forgetful functor 
from the category of Galois extended k-groups to the category of loosely Galois 
extended k-groups is an isomorphism of categories. 
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Proof. Since any A:-group is reduced, it remains by the above remarks only to show 
that for any loosely Galois extended fc-group {D,E), the action e i-A Oe defined 
above is continuous. Fix a section s : Gal{k/k) —> E with s(l) = 1 of the continuous 
map E Gdl{k/k). 

Suppose first that D is of finite type over k. Then D(k)-j: is discrete, and 

D = Do Xko k 

for a finite subextension ko of k and affine fco-group of finite type Dq. By Lemma lll.21 
D{k)-j: has a finitely generated subgroup $ which is dense in D. Increasing ko if 
necessary, we may suppose that a finite set of generators of $, and hence $ itself, 
is contained in Do{ko)ko C D{k)-^. Similarly we may suppose that conjugation by 
s{a) for a in Gal(fc/fco) hxes d). For a in Gal(fc/fco) we then have 

as(a) = Do Xk^ Spec(cr“^), 

because the two sides are ct- automorphisms of D which coincide on $. The restric¬ 
tion of the action of i? on to the inverse image Eo of Gal(A:/fco) in E is thus 
continuous, because it is given by an action 

{Eo)/k X D ^ {D(k)-if)/j^ X Gal(fc/fco)/fc x D ^ {E{k)-ff)/j. x D ^ D 

of {Eo)/k, where the first arrow is defined by the continuous map that sends e above 
cr to (es(CT)“^, s(ct)), the second by the action of Gal(A:/fco) on D through its action 
on Spec(fc), and the third by the action of D{k)-j^ on D by conjugation. Since Eo is 
an open subgroup of E, the action of i? on I? is also continuous. 

To prove the continuity for arbitrary D, we show that for every normal k-suh- 
group N oi D with D/N of finite type, there exists a normal fc-subgroup No C N 
of D with D/No of finite type such that the closed subgroup No{k)j^ of E is normal. 
Since D{k)-j:/No{k)^ = {D/No){k)^ by Lemma 111. ]|ri)[ we have for such an A^o a 
loosely Galois extended fc-group {D/No,E/No{k)-^). The action of i? on D will 
then be the limit of continuous actions of the E/No{k)-^ on D/No, and hence will 
be continuous. 

The assignment (cr, m) s(cr).u.s(cr)“^ dehnes a continuous map 
Gal(k/k) X D(k)j: ^ D(k)j:. 

Since N{k)-f: is an open subgroup of D{k)-^, its inverse image under this map is 
open, and hence contains J x N'{k)^ for some open normal subgroup J of Gal(fc/fc) 
and normal fc-subgroup N' of D with D/N' of finite type. Then if cti, (72 ,..., 
are representatives for the cosets of J, we have 

n 

e.fV(fc)^.e“^ A s{ai).N'(k)-j:.s{ai)~^ 

for every e in Now 

n 

^"=n 

i=l 

is a normal fc-subgroup of D with D/N" of finite type, and by Lemma [TT7 
inclusion ae{N) D N" holds for every e in E, because it holds on fc-points over k. 
It thus suffices to take for No the intersection of the ae{N) for e in E. □ 


]pi) the 
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Let {D,E) be a Galois extended fc-group. By a right {D, E)-scheme we mean 
A:-scheme Z, together with a right action 

c : Z x-j: D ^ Z 

of the fc-group D on Z and a continuous right action of E on the underlying 
fc-scheme of Z with e in E above a in Gal(A:/fc) acting as a (t“^- automorphism 
be of Z, such that: 

(a) be o c = c o (be Xspec{a) Oe-Oi where Qe is the action of e on 

(b) be = c(-, e) for e in D{k)-^. 

A morphism of right {D, E)-schenies is a morphism of A:-schemes which is com¬ 
patible with the actions of D and E. For any /c-scheme X we have a trivial right 
{D, E)-scheme X^, where the action of D is trivial and the action of E is that 
through the action of Ga\{k/k) on Spec(fc). 

If D is reduced and Z is a separated fc-scheme, then condition |(a)| in the definition 
of a right (D, E)-scheme is redundant. Indeed the equaliser of the two morphisms 
of |(a)| is a closed subscheme of Z Xj D, and hence coincides with it, because by 
1(b) I and condition |(b)| in the definition of a Galois extended /c-group, this equaliser 
contains the fibre at each point of the dense subset D(k)j of D. 

Just as a continuous action of E on the underlying fc-scheme of a fc-group D for 
which e above a acts as a cr-automorphism of D may be identified with an action 
(lll.8|) of the groupoid E^j on D, a continuous right action of E on the underlying 

A:-scheme of a fc-scheme Z for which e above a acts as a cr“^-automorphism of Z 
may be identified with a right action 

(11.14) fi,Zx^Ei^^Z 

of E on Z. Condition |(a)| in the definition of a right (U, i?)-scheme is then 
equivalent the condition 

(11.15) f3{c{z,d),w) = c(^P{z,w),a(w~^ ,d)) 

on points z, d and w of Z, D and E^-j:, and |(b)| to the condition 

(11.16) I3(^z,v) = c(^z,e{v)) 

on points z of Z and v of {D{k)-^) where e is the counit (111.911 . A morphism Z 
Z' of right (H, A)-schemes is then a morphism Z ^ Z' of A:-schemes compatible 
with the actions of D and 

Let F be a transitive affine groupoid over k. Then if Z is a right F-scheme, 
we have a right action of on Z by restriction, and a right action of Fik)^ 

on Z with w acting as the 7(11;)“^-automorphism of Z defined by the action Z ^ 
Spec(7(z(;))*.Z at w of G on Z. The action of E{k)-^ is continuous because it arises 
from an action of the form (I11.14|) with E = E{k)^, given by restricting the action 
of F along the counit (jll.4|) . Further (111.1511 and hence |(a)| is satisfied because 
the counit (lll.4p preserves composition, and (111.16(1 and hence |(b)| is satisfied by 
naturality of the counit. Thus we obtain a functor from the category of right 
F-schemes to the category of right (F‘^“^s, F(fc)|:)-schemes. 

Proposition 11.6. Let F be a transitive affine groupoid over k. Then passing from 
the action of F to the actions o/F'^'*‘s F{kffi defines an isomorphism from the 
category of right F-schemes to the category of right schemes. 
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Proof. By Lemma 111.31 the morphism F —>■ L over k has a section t : T ^ F, 
which we may suppose is the identity above the diagonal. It factors over k as 
to :T ^ {F{k)-^) followed by the counit (111.41) . 

Let Z and Z' be right F-schemes. By the factorisation (111.51) . a morphism 
Z ^ Z' oi fc-schemes is compatible with the actions of F on Z and Z' provided 
it is compatible with the actions of and {F{k )-^)This proves the full 

faithfulness. 

Let Z be a right (F'^'®'®,F(fc)'^)-scheme. By the factorisation (jll.Sp . a right 
G-scheme with underlying right (F'^'®^®, F(fc)^)-scheme Z is unique if it exists, be¬ 
cause for points d of F'^*®'® and m of L with do{u) = di{d), the point d o t{u) of F 
must act as 

z HA P{c{z,d),to{u)), 

where c is the action of F*^**^® and (3 is the action of {F{k)-^)^-^. The action so 
defined is associative, because 

I3{c{z, t{u) odo t{u)~^), toiu)) = c{(3{z, to{u)), d) 

by (111.151) . and 

P{c{z,t{u) o t{u') o t(u o u')~^),to{u o u')) = I3{z, to{u) o to{u')) 

by (111.161) . It thus defines a structure of right F-scheme on Z. This proves the 
bijectivity on objects. □ 

Let X be a A:-scheme and {D,E) be a Galois extended fc-group. Then we have 
a constant right {D, F)-scheme X-^, where D acts trivially and E acts through the 
action of Gal(fc/fc) on Spec(fc). By a right (F,F)-scheme over X we mean a right 
(F,F)-scheme equipped with a morphism of right (F, F)-schemes to X-^. 

Let X be a non-empty /c-scheme, FI he a pregroupoid over X and (F, E) be 
a Galois extended Fgroup. By a principal {H, D, E)-bundle we mean a right 
(F,F)-scheme P over X whose underling right F-scheme is a principal F-bun- 
dle over X, together with a structure of F-scheme on P whose defining isomor¬ 
phism diP ^ do*P is a (F, F)-morphism. A morphisn of (F, F, F)-bundles is a 
morphism of right (F, F)-schemes over X which is also an F-morphism. Such a 
morphism is necessarily an isomorphism. 

Proposition 11.7. Let X be a non-empty k-scheme, FI be a pregroupoid over X, 
and F be a transitive affine groupoid over k. Then passing from the action of F 
to the actions of F'^‘®'® and F{k)-^ defines an isomorphism from the category of 
principal {H, F)-bundles to the category of principal {H^F'^^^^,F(k)-jf)-bundles. 

Proof. Apply Proposition [TL6] to schemes over X and their pullbacks along do and 
di. □ 

The existence and uniqueness up to unique isomorphism of a push forward of 
a principal (F, F, F)-bundle P along a morphism {h,j) : {D,E) —)■ {D\E'), i.e. 
a pair consisting of a principal (F, F', F')-bundle F' and a morphism P ^ P' 
compatible with h, j, and the actions of F, F, F', E and F', follows from Proposi¬ 
tions [TTA] and [TTTTI together with push forward for principal (F, F)-bundles. There 
is thus a functor from the category of Galois extended fc-groups to the category of 
sets which sends (F,F) to the set 

Hh{X,D,E) 
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of isomorphism classes of principal {H, D, if)-bundles over X, and which is defined 
on morphisms using push forward. It factors through the category of Galois ex¬ 
tended /c-groups up to conjugacy, where a morphism to (H, E) is a conjugacy class 
under the action of D{k)j. By Proposition 1 11. 71 passing from the action of F to 
the actions of ^nd F{k)-^ defines a bijection 

(11.17) H\j{X,F) ^ 

which is natural in the reduced transitive affine groupoid F over k. 

12. Levi subgroupoids and the fundamental cohomology class 

In this section k is a field of characteristic 0 and X is a non-empty k-scheme. 

For the remainder of this paper, we work over a field of characteristic 0. 

In this section we determine the conditions under which the existence and unique¬ 
ness up to conjugacy of Levi subgroups of an affine fc-group carry over to transitive 
affine groupoids. In general Levi subgroupoids of a transitive affine groupoid do not 
exist, but when they do exist any two of them are conjugate. It will be shown in 
Corollary 112.61 belows that the obstruction to the existence of a Levi subgroupoid 
is a suitably defined cohomology class. 

Proposition 12.1. If K is a reductive groupoid over X and U is a prounipotent 
K-group, then Hj^{X,U) = 1. 

Proof. Let P be a {K, [/)-torsor. It is to be shown that P has a section over X 
stabilised by K. Consider the set P of pairs {N, s) with N a normal PT-group 
subscheme of U and s a section over X stabilised by K of the push forward P/N of 
P along the projection U —>■ U/N. Write {N, s) < {N', s') when N contains N' and 
s is the image of s' under the projection from K/N' to K/N. Then V is inductively 
ordered, and hence has a maximal element {N, s). 

Suppose that N 1. Then for a sufficiently large PT-quotient 1/ of P of finite 
type, the image N of N under the projection U —>■ P is 7 ^ 1. Write 

1 = P„ C • • • C Pi C Po = P 

for the lower central series of P and t for the largest i such that Pi contains N. 
Then the intersection N' of N with the inverse image of Pt+i in P is a normal 
PT-subgroup of P, and N/N' is of finite type and commutative. The inverse image 
Q of s under the the projection from P/N' to P/N is a (PT, 7V/iV')-torsor. Now 

N/N' = Spec(SymV) 

for a representation V of K. Then Hfi-{X, V^) = 0 by semisimplicity of the category 
of PT-modules, so that 

hUx,n/n') = i 

Thus Q has a section s' over X stabilised by K. We may regard s' as a section 
of P/N' with image s in P/N. Then {N',s') is strictly greater than {N,s) in V, 
contradicting the maximality of (A^, s). Thus = 1, and s is the required section 
of P. □ 

Let P' be a reductive groupoid over X. By a Levi subgroupoid of K we mean a 
subgroupoid L of K such that the restriction to L of the projection from K onto 
K/RuK is an isomorphism. 
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Lemma 12.2. Any transitive affine groupoid over an algebraic extension of k has 
a Levi subgroupoid. 

Proof. Let K he a, transitive affine groupoid over an algebraic extension ki of k. 
To prove that K has a Levi subgroupoid, suppose first that K is of finite type and 
that RuK is commutative. Then we may suppose also that ki is finite over k. Let 
k' be a finite Galois extension of k which splits ki and is such that 

K Spec(fci) X Spec(A:i) 

is surjective on fc'-points. Then Kk' is a constant groupoid over the finite discrete 
/c'-scheme Xk'. By the classical Levi decomposition, the set C of Levi subgroupoids 
of Kk' is non-empty. The Galois group Gal{k'/k) acts on £ by its action on Kk' 
through k', and the fixed point set 

^Gal(k'/k) 

is the set of Levi subgroupoids of K. Also the abelian group V of cross sections of 
RuKk' acts by conjugation on C. It follows easily from the constancy of Kk' and 
the discreteness of Xk' that V acts transitively on £. Further V has a structure of 
k'-vector space, Gal(k'/k) acts fc-linearly on V by its action on RuKk' through k', 
and the action of G on £ is compatible with the action of Ga\{k'/k) on V and £. 
Finally the stabiliser of £ under V is the fc'-vector subspace of V consisting of the 
cross sections of RuKk' in the centre of Kk'. Thus £Gai(fe /fc) jg non-empty. 

To prove the general case, consider the set V of pairs {N, L) with N a AT-group 
subscheme of RuK and L a Levi subgroupoid of K/N. Write {K,L) < {K',L') 
when N contains N' and L is the image of £' under the projection from K/N' to 
K/N. Then V is inductively ordered, and hence has a maximal element {N, L). 

Suppose that N ^ 1. Then N has a non-trivial iL-quotient N/N' of finite type. 
We may assume, after passing if necessary to a smaller iL-quotient, that N/N' is 
commutative. Write J for the inverse image of L under the the projection from 
K/N' to K/N. Then J = N/N'. For a sufficiently large AT-quotient Ji of J of 
finite type, the projection from J to Ji induces an isomorphism from J to RuJi- 
By what has already been shown, Ji has a Levi subgroupoid. Its inverse image 
L' under the projection from J to Ji is then a Levi subgroupoid of J, and hence 
also of K/N'. Then (A^', L') is strictly greater than (A^, L) in P, contradicting the 
maximality of {N, L). Thus A^ = 1, and L is a Levi subgroupoid of AT. □ 

Proposition 12.3. Let K and K' be transitive affine groupoids over X, with K' 
reductive. Then any two morphisms from K' to K whose composites with the 
projection from K to K/RuK coincide are conjugate by a section of RuK over 

X. 

Proof. Write p for the projection from K to K/RuK. Let fi and /2 be morphisms 
from K' to K with po fi = po f 2 . The we have a structure of AT'-scheme on RuK 
where the point 2 of K' sends the point u of RuK to 

f2iz)ouofi{z)~^. 

The Ic-scheme U of sections of RuK stabilised by K' exists and is affine over k, 
as is seen by reducing to the case where K' is constant. Its fc-points are the sections 
a of RuK with /2 = int(a) o fi. Given also : K' ^ K with p o f 2 = po the 
composition of RuK defines a Ic-morphism 

Uf 2 , f 3 X f^/l./2 ^ 
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and such fc-morphisms have the evident composition and unit properties. We show 
that the fc-scheme Uf^j^ is non-empty. It will then be a principal bundle under the 
prounipotent fc-group and hence by Proposition ll2.1l with X = Spec(fc) and 

K = 1 have a fc-point, as required. 

We may write K as the filtered limit of its quotients K\ of finite type. Then 
RuK is the limit of the RuK\. Since a filtered limit of non-empty affine schemes is 
non-empty and since formation of the commute with limits, we may suppose 

that K is of finite type. Both fi and /2 then factor through a quotient of K' of 
finite type, so that we may suppose K' is also of finite type. By compatibility 
of with extension of scalars, we may suppose further that X has a fc-point. 

Pulling back along the inclusion of such a fc-point and using the compatiblity of 
C//i J 2 with pullback, we may suppose finally that X = Spec(fc). Then K and K' 
are affine fc-groups of finite type. The pullback r : L ^ K' oi p along 

P o fi = p o f 2 : K' ^ K/RuK 

has kernel the unipotent fc-group RuK. Since K' is reductive, the splittings of 
r defined by fi and /2 are conjugate by a fc-point of RuK, by the classical Levi 
decomposition for L. Thus fi and /2 are themselves conjugate by a fc-point of 
RuK. It follows that has a fc-point, and hence is non-empty. □ 

Lemma 12.4. Let K be a transitive affine groupoid over X. Then there exists an 
fpqc covering morphism X' —>■ X such that the pullback of K along X' ^ X has a 
Levi subgroupoid. 

Proof. By Lemma 17.41 we may suppose that K = Iso ^fPl for a transitive affine 
groupoid G over Spec(fc). By Lemma ri2.21 G has a Levi subgoupoid. Hence by 
(lOll . the pullback of K along P ^ X has a Levi subgroupoid. □ 

Let K he a transitive affine groupoid over X. li K ^ K' is a faithfully flat 
morphism of groupoids over X and U is a Lf-subgroup of with image LP in 

^/diag^ then K acts on the push forward P' of a {K, 17)-torsor P along U ^ U' 
through K'. Thus by assigning to the class of P the class P' we obtain a map 

(12.1) H],{X,U) ^ H],,{X,U') 

of pointed sets. The map (112.11) is compatible with pullback of K and K' along a 
morphism of if-schemes X' X, 

The image of RuK under any faithfully flat morphism K ^ K' oi groupoids 
over X is RuK'. Such a morphism thus induces a map 

( 12 . 2 ) H]i{X,RuK)^H]i,{X,RuK') 

of pointed sets. Again it is compatible with pullback. 

To give a semidirect product decomposition 1/ x L of AT is to give an idempo- 
tent endomorphism of K with kernel U. If e is such an endomorphism, define a 
{K, t/)-torsor {7® as follows. The underlying scheme over X of IK is Lf. The action 
of K on ?7® is that where the point v oi K with source xi and target xq sends the 
point It of 1/ above xi to 

e{v) QUO v~^ 

above Xq. The right action of the AT-scheme U on IK is given by the composition 
of U. We write 


PK.e & H]i{X,U) 
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for the class of C/®. If u is a cross section of U and e' = int(u) o e is the conjugate 
of e by u, then 

(12.3) ^K,e=VK,e', 

because left translation by u defines an isomorphism [/® ^ C/® of {K, 17)-torsors. 

Let h ■. K ^ K' he a. faithfully flat morphism of groupoids over X and e' be the 
idempotent endomorphism of K' corresponding to the direct sum decomposition 
[/' XI L' of K'. Then ho e = e' oh \i and only if U' is the image of U and L' is the 
image of L under h. When this is so, the map (112.11) induced by h sends ipK,e to 

We define as follows the fundamental cohomology class 

of K. Suppose first that K has a Levi subgroupoid L. Then if e is the idempotent 
endomorphism of K defined by L, we set 

‘PK = <PK,e- 

That tpK so defined is independent of the choice of L follows from Proposition ll2.3l 
and (jl2.3|l . In general, there exists by Lemma 112.41 an fpqc covering morphisms 
X' ^ X along which the pullback K' of K has a Levi subgroup. Then we define (pK 
by requiring that its image under the pullback bijection be pK' ■ The independence 
of the choice of X' ^ X follows from the fact that for any two such choices, their 
fibre product over is a third which factors through both. 

Clearly the fundamental cohomology class is preserved by arbitrary pullback, 
and by extension of the scalars. It is also preserved by the map ()12.2I) induced by 
a faithfully flat K ^ K', because (112.211 is compatible with pullback. 

Proposition 12.5. Let H be a pregroupoid over X, K be a transitive affine 
groupoid over K, and P be a [K, RuK)-torsor with class in H]^{X, RuK) the fun¬ 
damental class. Then the stabiliser under K of any element of H'jj{X,P) is a Levi 
subgroupoid of K over H, and every Levi subgroupoid of K over H is the stabiliser 
of some element of H'^{X, P). 

Proof. The stabiliser under K of any element of Hjj{X, P) is a subgroupoid over H. 
We may thus suppose that a Levi subgroupoid L oi K exists: for the first statement 
we reduce to this case by Lemma [12.41 and the second statement is empty unless 
an L exists. 

Write e for the idempotent endomorphism of K corresponding to L. Then the 
{K, RuK)-torsors P and (i?„itr)® are isomorphic, and we may suppose that 

P^iRuKy. 

The stabiliser iL„ of an element u of H'^{X,P) is then the conjugate of L by u~^, 
and hence a Levi subgroupoid oi K. If L is a subgroupoid over H and u is the 
identity section of P, then u lies in Hjj{X, P) and = L. □ 

Corollary 12.6. Let H be a pregroupoid over X and K be a transitive affine 
groupoid over K. Then K has a Levi subgroupoid over H if and only if the fun¬ 
damental class in H]^{X,RuK) has image the base point in Hj^{X, R^K). When 
this is so, any two Levi subgroupoids of K over H are conjugate by an element of 
Hl{X, RuK). 

Proof. Immediate from the Proposition. □ 
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The conjugacy statement of the above corollary can also be deduced directly 
from Proposition 112.31 


13. REDUCTIVE SUBGROUPOIDS 

In this section k is a field of characteristic 0 and X is a non-empty k-scheme. 

The main result of this section is Theorem ll3.4l which gives necessary and suffi¬ 
cient conditions for a transitive affine groupoid to contain a reductive subgroupoid. 
It follows in particular from this result that any reductive subgroupoid of a tran¬ 
sitive affine groupoid is contained in a Levi subgroupoid. This will be used later 
in showing that results valid for reductive groupoids can sometimes be extended to 
more general transitive affine groupoids. 

Recall that if G is a fc-group of finite type and G' is a subgroup of G, then the 
quotient G/G' exists. 

Lemma 13.1. Let G be a k-group of finite type, G' be a k-subgroup of G, and Go 
be a normal k-subgroup of G. Denote by Gi the k-quotient G/Gq and by G'l the 
image of G' under the projection G —>■ Gi. Suppose that Go/(Go flG') and GifG'i 
are affine. Then GjG' is affine. 

Proof. We have a cartesian square of fc-schemes 

G/G' <- G X (Go/(Go n G')) 


G/(GoG') ^- G 

where the top arrow is the morphism of G-schemes obtained from the morphism 
of fc-schemes Go/(Go n G') —5> G/G' induced by the embedding Go —G, the left 
and bottom arrow are the projections, and the right arrow is the first projection. 
The left arrow is affine because the right arrow is affine and the bottom arrow is 
faithfully flat. Since the projection G —>• Gi induces an isomorphism from G/{GqG') 
to Gi/G'i, it follows that G/G' is affine. □ 

Lemma 13.2. Let G be a k-group of finite type and G' be a k-subgroup of G with 
RuG' contained in RuG. Then GjG' is affine. 

Proof. It is enough to show that RuG/{RuGr]G') is affine, because by Matsushima’s 
criterion, the hypotheses of Lemma [13.11 are then satisfied with Go = i?«G. Thus 
we reduce to the case where G is unipotent. In that case we may argue by induction 
on the dimension of G. Indeed if G is of dimension > 0, then the hypotheses of 
Lemma [l3.1l are satisfied with Go the derived group of G, because Gq is of dimension 
strictly less than that of G while Gi is commutative. □ 

Let A and A' be abelian categories, F : M t M' be an exact functor, and 
F' : A' ^ Ahe a right adjoint to F. Then there is a canonical homomorphism 

(13.1) Ext)4(M,F'(iV)) ^Ext)4,(F(M),iV) 

given by applying F to an extension of M by F'(N) and then pushing forward 
along the counit FF'{N) —>■ N. Suppose that F' is also exact. Then (113.11) is an 
isomorphism, with inverse given by applying F' to an extension of F{M) by N and 
then pulling back along the unit M —>■ F'F{M). 
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Lemma 13.3. Let K be a transitive affine groupoid over X and K' he a transi¬ 
tive affine subgroupoid of K with RuK' contained in RuK. Then for every V' in 
Modif'(X) and v' in there exists a V in Mod/f(X), a v in Hj^{X,V) 

and a morphism f from V to V' in Modi^'(X), such that f sends v to v'. 

Proof. K acts on V through a quotient Ki of finite type. Since inflation defines 
injective homomorphisms on the groups we may after replacing i^T by and 
K' by its image in Ki suppose that K is of finite type. By Lemma 113.21 the 
if-scheme Kf K' exists and is affine over X. Write 

K/K' = Y = Spec(7e) 

for a commutative if-algebra TZ. 

The embedding of K' into K factors as 

iX,K')^iY,K XxY)^{X,K), 

in the category of groupoids in /c-schemes, where the first arrow is the embedding 
of the pullback along the base cross-section of Y and the second arrow is given by 
the first projection. If we write A, A' and A" for MOD/f(X), MODi<'/(X) and 
MOD/f xxv(^)! then the restriction functor F from A to A' factors as a functor 
A —>■ A" induced by the second arrow followed by an equivalence A" —> A' induced 
by the first. Further A" is equivalent to the category of 7?.-modules in A, by (18.61) . 
Modulo this equivalence, A —>■ A" is the functor TZ ^ with exact right adjoint 
the forgetful functor from 72.-modules in A to A. Thus F has an exact right adjoint 
F'. 

Since both F and F' are exact, (113.111 with M = Ox and N = V' shows that 
restricting to K' and pushing forward along the counit FF'{V') — V gives an 
isomorphism 

H],{X, F'{V)) = Fxt\{Oxffi'{V)) ^ Fxt\,{Oxy) = H],,{X, V')- 

Let £ be an extension of Ox by F'(V') in A whose class corresponds under this iso¬ 
morphism to v'. Writing £ as the filtered colimit of its iF-submodules in Modi<'(X) 
shows that there is such a iF-submodule £q such that the restriction to fp of f —>■ Ox 
is non-zero, and hence an epimorphism. The kernel V of fp is a iF-submod- 

ule of F'{V') which lies in in Mod^f (X), and the embedding sends the class v of £q 
to the class of £. Thus V and v have the required property. □ 


Theorem 13.4. Let H be a pregroupoid over X and K be a transitive affine 
groupoid over H. Then the following conditions are equivalent. 

(a) K has a reductive subgroupoid over H. 

(b) K has a Levi subgroupoid over H. 

(c) The morphism of representations of H underlying any non-zero morphism 
of representations K with target Ox is a retraction. 


(c) Let K' be a reductive subgroupoid of K over H. Since any 


Proof = 

non-zero morphism of representations of K with target Ox is surjective, it is a 
retraction as a morphism of representations of iF', and hence as a morphism of 
representations of H. 

Suppose that |(c)| holds. Let K' be a transitive affine subgroupoid 
of K over H such that RuK' is contained in RuK. We first show that for any 
representation V' of K' the homomorphism 


( 13 . 2 ) 


H],,{xy) ^ H}j{xy) 
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induced by the H structure on K' is 0. Given v' in choose aV, v and 

/ : V —V' as in Lemma [13.31 By |(c)| and the identification of the with groups 
of extensions, the image of v in V), and hence in Hjj{X, V'), is 0. Thus the 

image of v' in Hjj{X, V') is 0. 

Consider now the set V of pairs (M, L) with M a iiT-quotient of iL by a if-sub- 
group of RuK and L a Levi subgroupoid of M over H. Write {M,L) < {M',L') 
when M factors through M' and L is the image of L' under the projection from 
M' onto M. Then V is inductively ordered, and hence has a maximal element. Let 
(Mo, Lq) be an element of V with K ^ Mq. We show that there is an (M, L) in 7^ 
strictly greater than (Mo,Lo)- Then [(bJI will follow, because (Mi,Li) maximal in 
V will imply K = Mi. 

By hypothesis Mq is the quotient of if by a if-subgroup A^o ^ 1 of RuK. For 
a sufficiently large if-subgroup iV 7 ^ iVo of Nq, the quotient Nq/N is of finite type 
and commutative. Write M for the quotient of if by and J for the inverse image 
of Lq in M. Then i?„J = Nq/N. The homomorphism 

H]{X,RuJ) ^ H}j{X, RuJ) 

induced by the ii-structure on J is 0, because it factors through (113.211 with if' the 
inverse image of J in if and V' the representation of if' underlying the represen¬ 
tation of if such that 

RuJ = Nq/N = Spec(Sym V''^). 

Thus by Corollary 1 12. 61 J has a Levi subgroupoid L over H. Then L is also a Levi 
subgroupoid of M over H, and {M,L) is strictly greater than {Mq,Lq) in V. 

Immediate. □ 

Note that if if is a transitive affine groupoid over ii, it follows from Proposi- 
tion ll2.,3l that any two Levi subgroupoids of if over H are conjugate by an element 
of ii^(X, RuK). 

Theorem 13.5. Let H be a pregroupoid over X, K he a transitive affine groupoid 
over H, and k' be an extension of k. Then if has a reductive subgroupoid over H 
if and only if Kk' has a reductive subgroupoid over Hk>. 

Proof. That Kk> has a reductive subgroupoid over Hk> if if has a reductive sub¬ 
groupoid over H is immediate. 

Suppose conversely that Kk> has a reductive subgroupoid over Hk>. Let / : V 
Ox be a non-zero morphism of representations of if. Then by Theorem ll3.4l there 
exists a morphism g' : Oxy Vfc' of representations of Hk' right inverse to fk'. 
We may regard fk' and g' as morphisms 

Oa A:' 4 V k' Ox ®k k' 

in MOD 7 /(Ai) with composite the identity, where H acts trivially on k'. Let r : k' ^ 
k he a homomorphism of A:-vector spaces left inverse to the embedding e : k ^ k'. 
Then the composite 

Ox - Ox ®kk —^V®kk -)> V 

is right inverse to /. Thus if is reductive over H, by Theorem 113.41 □ 

The above results can be applied to principal bundles using the following theo¬ 



rem. 
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Theorem 13.6. Let H be a pregroupoid over X, G he an affine k-group, and P 
be a principal {H,G)-bundle. Then Ison(P) has a reductive subgroupoid over PI if 
and only if there exists a reductive k-subqroup G' of G for which P has a principal 
{H, G’)-subbundle. 

Proof. If G' has a reductive fc-subgroup of G for which P has a principal {H, G')-sub- 
bundle P', then Iso^/fP'l is reductive and the embeddings of G' into G and P' into 
P define an embedding of Isoqi{P') into Isoq(P) over H. 

Conversely suppose that Iso^(P) has a reductive subgroupoid over H. Write G 
for G ! RuG and q : P ^ P for the push forward morphism along the projection 
h : G ^ G. We may identify Iso—(q) with the projection from Iso^(P) onto its 
quotient by its unipotent radical. By Theorem ll3.41 Isp(j(P) has a Levi subgroupoid 
over H, so ttat there is thus a morphism e over H right inverse to Isp^(g). By 
Lemma [5.21 and the naturality of (j5.4p in {G',P'), the obstruction in H^{k,G) to 
the existence of an {h, q) with e = Iso^ (q) has image in {k, G) the base point, and 
is thus itself the base point by Proposition ll2.Il and the exact cohomology sequence. 
Hence e = Isq^(g) for some {h, q). The required G' and principal {H, G')-subbundle 
are given by the images of h and q. □ 

14. The splitting theorem 

In this section k is a field of characteristic 0. 

In this section we prove the splitting theorem in the form that will be required. 
This will be done by suitably adapting the the proof of the form given in [O’Sllj . 
The main idea there was to reduce a categorical problem about tensor categories 
to a geometrical problem about actions of reductive groups on affine schemes. Here 
the reduction to a geometrical problem applies almost unmodified, and and it is 
only necessary to adapt the proof of |0’S111 Lemma 4.4.4] to give the more general 
Lemma 114.31 below. It will be convenient to include in this section some results 
from the Theory of Tannakian categories that will be reqired. 

We begin by recalling some definitions and properties of affine fc-groups and their 
modules. Many of these are particular cases of those of transitive affine groupoids, 
which over k reduce to affine fc-groups. We note that what are here called reductive 
fc-groups (resp. reductive fc-groups of finite type) were called proreductive fc-groups 
(resp. reductive fc-groups) in [O’Sllj . 

Let G be an affine fc-group. By a G-module we mean a fc-vector space V equipped 
with an action of G. When V is finite-dimensional we also speak of a representa¬ 
tion of V. The category of G-modules is abelian, and has limits and colimits. The 
forgetful functor from G modules to fc-vector spaces preserves colimits and finite 
limits but does not in general preserve arbitrary limits: the canonical homomor¬ 
phism from the underling fc-vector space of a limit of G-modules to the limit of 
the underlying fc-vector spaces is injective but not in general surjective. Every 
G-module is the filtered colimit of its finite dimensional G-submodules. If E is a 
finite-dimensional G-module, then Hom( 3 (E, —) preserves filtered colimits. 

The tensor product over fc of G-modules has a canonical structure of G-mod¬ 
ule, and the category of G-modules then forms a fc-tensor category. Let E be a 
finite-dimensional G-module. Then the dual E'^ of E has a canonical structure of 
G-module. For any G-module IE, there is then a canonical isomorphism 

(14.1) HomG(E,IE) ^ (E'^ OIE)*^ 
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which is natural in V and W. 

By a G-algebra we mean a G-module R equipped with a structure of fc-algebra for 
which the multiplication i? 0k R ^ R and identity k ^ R are G-homomorphisms. 
Given a G-algebra R, a (G, i?)-module is a module M over the A:-algebra R such 
that the action R 0k M ^ M of R on M is a G-homomorphism. The forgetful 
functor from G-algebras to G-modules preserves limits and filtered colimits, and 
similarly for the forgetful functor from (G, i?)-modules to G-modules. 

A G-algebra will be called finitely generated if it is finitely generated as a fc-al- 
gebra. A finitely generated G-algebra has a finite-dimensional G-submodule which 
generates it over k, because any finite set of generators is contained in such a G-sub- 
module. A (G, i?)-module will be called finitely generated if it is finitely generated 
over R. A finitely generated (G, i?)-module has a finite-dimensional G-submodule 
which generates it over R. 

Let i? be a finitely generated commutative G-algebra. Then HomG-aig(.R, —) 
preserves filtered colimits of commutative G-algebras. This is clear when R is 
the symmetric algebra Sym V on a finite-dimensional G-module V, because then 
Hom( 3 _aig(i?, —) is naturally isomorphic to Hom( 3 (V, —). In general, there are finite¬ 
dimensional G-modules V and V' such that R is the coequaliser in the category of 
commutative G-algebras of two morphisms from Sym V' to Sym V, and it suffices 
to note that in the category of sets finite limits commute with filtered colimits. 

An affine fc-group G is reductive if and only if the category of G-modules is 
semisimple (i.e. every short exact sequence splits). If G is reductive, every G-module 
is thus projective and injective. In particular the trivial G-module k is projective, 
so that the functor (—)^ that assigns to a G-module its space of invariants is exact. 

Lemma 14.1. Let G be an affine k-group and W be a G-module. Suppose that k 
is algebraically closed. Then every G{k)-subspace of W is a G-submodule. 

Proof. A fc-subspace of IT is a G-submodule provided that its intersection with 
every finite-dimensional G-submodule W of W is. We may thus suppose that W = 
W is finite dimensional, and that G is of finite type. Let Wq be a G(A:)-subspace of 
W. Then if Wq and W are regarded as fc-schemes, the restriction to G x Wq of the 
action morphism G xW factors through Wq, because it does so on fc-points 

and G X IT is reduced. Thus ITq is a G-submodule of IT. □ 


Let G be a reductive fc-group of finite type and i? be a finitely generated commu¬ 
tative G-algebra. Then the is a finitely generated fc-algebra (e.g. |Sha941 II The¬ 
orem 3.6]). Let M be a finitely generated (G, i?)-module. Then M'^ is a finitely 
generated i?‘^-module (e.g. |Sha94[ II Theorem 3.25]). It follows that HomG(T, M) 
is a finitely generated ii'^-module for any finite-dimensional G-module V, because 
(|14.I|1 with IT = M is an isomorphism of i?'^-modules. 

Let G be a reductive A:-group and i? be a commutative G-algebra for which R^ 
is a local fc-algebra. Then R has a unique maximal G-ideal. Indeed if Jfc is the set 
of G-ideals J ^ R of R, then applying the exact functor {—)^ shows that the image 
of the canonical G-homomorphism from JJj^j J to R does not contain I. 

For the proof of Lemma ll4. 21 below we need the following fact from commutative 
algebra (e.g. |Bou851 III, §3 Proposition 5 and IV, §1 Proposition 2, Corollaire 2]): 
given an ideal J in a noetherian commutative ring R and a finitely generated 
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i?-module M, we have 

OO 

(14.2) Pi rM = 0 

n—1 

if and only if J + p ^ i? for every associated prime p of M. 

Lemma 14.2. Let G be a reductive k-group of finite type, R be a G-algehra, J ^ R 
he a G-ideal of R, and M be a finitely generated (G, R)-module. Suppose that R^ 
is a complete noetherian local k-algebra with residue field k, and that R is finitely 
generated as an algebra over R^. Then M is the limit in the category of G-modules 
of its quotients M/ J^M. 

Proof. We note that the conclusion of the lemma will hold provided that for every 
finite-dimensional G-module V the canonical homomorphism 

(14.3) HomG(T4,M) ^ limHomG(F, M/J”M) 

n 

is bijective. Indeed (114.31) will then be bijective for arbitrary V, as follows by writing 
V as the filtered colimit of its finite-dimensional G-submodules. We write m for the 
radical of R^. The proof proceeds in three steps. 

(1) Suppose that R^ is is finite over k. Let F be a finite-dimensional G-module. 
Then L{omc{V,M) is finite-dimensional over k because it is a finitely generated 
i^'^-module. Hence (114.31) is surjective because HomG(I4, —) is exact. To see that 
(114.31) is injective, it suffices to check that ()14.2|1 holds. To do this we may after 
extending the scalars suppose that k is algebraically closed. Let p be an associated 
prime of M. Then 

Po = n 5P 

g^G{k) 

is stable under G{k), and hence by Lemma ri4.1l is a G-ideal of R. Since R'^ is local, 

R^ ^ {R/Jf X [R/pof 

is not surjective. Thus R^ R/J x R/po is not surjective, so that 

J + po 7^ R- 

Since each gp lies in the finite set of associated primes of M, we therefore have 
J -I- 5 p ^ i? for some g G G(fc). Thus 

J + P = 9 + 5P) R- 

Hence (114.21) holds as required. 

(2) Suppose that J = mi?. Let H be a finite-dimensional G-module. Since 
HomG(V, —) preserves the cokernel of 

m" (8)fc M ^ M, 

there is for each n a canonical isomorphism 

HomG(H,M)/m"HomG(H,M) ^ HomG(H,M/m"M). 

Thus (114.31) is bijective, because HomG(H, M) is a finitely generated i?®-module 
and hence complete for the m-adic topology. 

(3) Now consider the general case. Write Rr and Mr for R/m^R and 

and Jr for the image of J in i?^. Then Jr ^ Rr, because J and m’'i? are contained 
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in the unique maximal G-ideal of R. By (2), and by (1) with Rr for i?, Jr for J 
and Mr for M, we have canonical isomorphisms of G-modules 

(14.4) M ^ Mm Mr ^ MmMm Mr/{Jr)'^Mr- 

r r n 

Also = M/J'^M is a finitely generated i?-module for each n, so that by (2) 
with M(„) for M, the second arrow of 

(14.5) M ^limM(„) ^ limlimM(„)/m’'M(„) 

is an isomorphism. On the other hand, by (114.41) and the canonical isomorphisms 

Mr/{JrTMr ^ M/{J'^M + xWM) ^ M(„), 

the composite (114.51) is an isomorphism. Thus M —>■ lim„ is an isomorphism, 
as required. □ 

Let G be an affine fc-group. A commutative G-algebra R will be called simple 
if i? 7 ^ 0 and R has no G-ideal other than 0 and R. Suppose that G is of finite 
type and i? is a simple commutative G-algebra with R^ = k. Then by a theorem 
of Magid |Mag87[ Theorem 4.5], Spec(i?) is a homogeneous space under G. In 
particular, i? is a finitely generated fc-algebra. 

Let A be the henselisation at a fc-point of /c-scheme of finite type, and F be a 
functor from commutative A-algebras to sets. Then if A is the completion of A, 
it follows from Artin’s approximation theorem [Art691 Theorem 1.12] that F{A) is 
non-empty provided that F{A) is non-empty and F preserves hltered colimits. 

The following lemma reduces when R^ = k to [O’Slll Lemma 4.4.4]. Since some 
of the steps in the proof of |0’S111 Lemma 4.4.4] apply essentially unmodified to 
in the proof of Lemma 114.31 we simply refer at the relevant places to |0’S11| . 

Lemma 14.3. Let G be a reductive k-group, R be a commutative G-algebra, D 
be a G-subalgebra of R, and p : R ^ R be the projection onto a simple quotient 
G-algebra of R. Suppose that R'^ is a henselian local k-algebra with residue field 
k, and that the restriction of p to D is injective. Then R has a G-subalgebra D' 
containing D such that the restriction of p to D' is an isomorphism. 

Proof. We have R^ = k, because R^ —)• R'^ is surjective, R'^ has residue field 
k, and R is G-simple. Thus by Magid’s theorem, R will be a finitely generated 
G-algebra provided that G is of finite type. 

Write J for the G-ideal Kerp of R and A for the fc-algebra R^. Since i? 7 ^ 0, we 
have J ^ R. We consider successively the following cases: 

(1) G is of finite type, = 0, and G is a finitely generated fc-algebra 

(2) G is of finite type, A is a complete noetherian local fc-algebra, i? is a finitely 
generated A-algebra, and G is a finitely generated fc-algebra 

(3) G is of finite type, A is the henselisation at a fc-point of a fc-scheme of finite 
type, i? is a finitely generated A-algebra, and G is a finitely generated 
fc-algebra 

(4) G is of finite type and G is a hnitely generated fc-algebra 

(5) the general case. 

When A = k, the cases (1), (4) and (5) above are respectively the cases (1), (2) 
and (3) of |0 Sill Lemma 4.4.4]. 

(1) Step (1) of the proof of [O’Slll Lemma 4.4.4] applies unmodified. 






















64 


PETER O’SULLIVAN 


(2) By Lemina ri4.21 R is the limit in the category of G-algebras of its quotients 

R/J'^. If Dn is the image of D in R/J'^, it is thus enough to show that any 
G-subalgebra D'^ D of R/ with D'n —?> i? an isomorphism can be lifted to a 
G-subalgebra D'n+i D Dn+i of R/J^'^^ with D'n+i R an isomorphism. To do 
this, apply (1) with the inverse image of D'n in for R and Dn+i for D. 

(3) Given a commutative A-algebra B, denote by F{B) the set of those G-al- 
gebra homomorphisms 

CL R —y R B 

such that the restrictions to D of aop and the canonical homomorphism R — ^ R®aB 
coincide, and such that {p®a B)oa is the canonical homomorphism R -A R^a B. 
Then B i—>■ F{B) may be regarded as a functor from commutative A-algebras to 
sets. It is enough to show that F{A) is non-empty, because with the identification 
R = R(S)a a we may take D' = a{R) for any a in F{A). By Artin’s approximation 
theorem, it will suffice to show that F commutes with filtered colimits and that 
F{A) is non-empty, where A is the completion of A. 

Since i? is a finitely generated G-algebra, HomG_aig(i?, —) preserves filtered col¬ 
imits of commutative G-algebras. Thus if B is the filtered colimit of commutative 
A-algebras coliiUA Bx , then the canonical map 

colimHomG-aig(-R, R Bx) -A HomG-aig(.R, R ^A B) 

is bijective. Since D and R are finitely generated fc-algebras, any element of 
HomG_aig(i?, i? ®A Bx) whose image in HomG_aig(i?, i? ®a B) lies in F{B) has 
image in HomG-aig(-R, R Ga By) which lies in F{By) for A' > A sufficiently large. 
Thus F preserve filtered colimits. 

The restriction A ^ R of p to A factors through the augmentation A ^ k. Thus 
the composite of the augmentation A ^ k with the embedding k ^ R defines a 
homomorphism of G-algebras 

p R = R 0A A —y R^ 

which factors as p(E)aA followed by an isomorphism. The canonical homomorphism 
from R to R then embeds D as a G-subalgebra of R for which the restriction of p 
to D is injective. Applying (— to the projection of R®k A onto R shows that 
i?® is the image of A in R. Since p is surjective, we may thus apply (2) with R for 
R and p for p to obtain a G-subalgebra D' of R such that the restriction of p to 
D' is an isomorphism. The composite of the inverse of this isomorphism with the 
embedding of D' is then an element of F{A). Thus F{A) is non-empty. 

(4) Write Rq for the G-subalgebra of R generated by D and a lifting to R 

of a finite set of generators of R. Then Rq is a finitely generated G-algebra, so 
that (Ro)^ is a finitely generated /c-algebra. Since A is henselian, the embedding 
of {Ro)^ into A extends to a homomorphism to A from the henselisation of (Ro)^ 
at the kernel of -A A ^ k. Its image is a fc-subalgebra Aq of A containing 

{Ro)^ which is the henselisation at a fc-point of a fc-scheme of finite type. If Ri is 
the G-subalgebra of R generated by Aq and Rq , then the restriction pi of p to i?i 
is surjective, i?i contains and Ri is a finitely generated Ao-algebra. Applying 
(—to the canonical G-homomorphism from i?o ®k Aq to Ri shows further that 
(Ri)^ = Aq, Thus by (3) with Ri and pi for R and p, there is a G-subalgebra 
D' D D of Ri C R such that the restriction of p to D' is an isomorphism. 
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(5) Step (3) of the proof of |0’S11I Lemma 4.4.4] applies with “so that by (2) 
with G/Hq ...” on the last line of [O’Slll p. 45] replaced by by “so that by (4) 
with G/Hq ... ”. □ 

We use the terminology of |0’S11] for tensor categories. Thus a k-pretensor 
category is a fc-linear category with a bilinear tensor product together with unit, 
associativity and commutativity constraints. A k-tensor category is a pseudoa- 
belian fc-pretensor category, i.e. finite direct sums exist, and every idempotent 
endomorphism has an image. A /c-pretensor category is said to be rigid if each of 
its objects is dualisable. In a rigid /c-pretensor category C, we may identify tensor 
ideals with subfunctors of C(l, —), by assigning to J the subfunctor ^7(1,—). 

Let C be a rigid fc-pretensor category for which Endc(l) a local fc-algebra. Then 
C has a unique maximal tensor ideal, which we write Rad(C). The elements of 
C(l, M) lying in Rad(C) are those with no left inverse. We have Rad(C) = 0 if and 
only if C has no tensor ideals other than 0 and C, and Endc(l) is then a field. In 
particular if Rad(C) = 0 then every /c-tensor functor C —^ C' with C non-zero is 
faithful. If C is semisimple abelian, then Rad(C) = 0, because 1 is indecomposable 
in C and hence every non-zero element of C(l, M) has a left inverse. In general, we 
write 

C = C/Rad(C). 

Then Rad(C) = 0. 

An object M of a fc-tensor category is called positive if it is dualiasable and some 
exterior power (defined as the image of the antisymmetrising idempotent) of M is 
0. The Cayley-Hamilton holds for such objects: if M is dualisable with (n + l)th 
power 0, then any endomorphism / of M is annulled by a monic polynomial of 
degree n, with coefficients the traces of exterior powers of / [O’SIIl p.39]. Any 
vector bundle of bounded rank over a a fc-scheme X is positive. It follows that if H 
is a pregroupoid over X with H^{X,Ox) local, then any object M in Mod//(X) 
is positive, because its rank tr(lM) is constant. 

Lemma 14.4. Let C be a k-tensor category in which every object is positive. Sup¬ 
pose that Endc(l) is a local k-algebra. Then the projection from C onto C reflects 
isomorphisms. 

Proof. It is enough to show that 1 -|- n is invertible for every n : M ^ M in C 
in the kernel of the projection. Write o for Endc(l) and o' for the commutative 
o-subalgebra of Endc(M) generated by n. By the Cayley-Hamilton Theorem, n 
is annulled by a polynomial with leading coefficient I and other coefficients in the 
maximal ideal m of o. Thus o' is finite over o, and n is nilpotent in o'/mo'. It 
follows that 1 -I- n is invertible in o'/mo', and hence in o'. □ 

Lemma 14.5. LetC be an essentially small k-tensor eategory in which every object 
is positive. Suppose that Endc(l) is a henselian local k-algebra with residue field k. 
Then C is semisimple Tannakian. 

Proof. By the Cayley-Hamilton Theorem, any endomorphism of C is finite over 
Endc(l), and hence contained in a fc-subalgebra of the endomorphism fc-algebra 
which is finite product of local fc-algebras. Thus idempotent endomorphisms can 
be lifted from C to C, so that C is pseudo-abelian. Hence C is a A:-tensor category in 
which every object is positive. Since Endg-(l) = k and Rad(C) = 0, it follows that 
C is semisimple abelian, and hence semisimple Tannakian. □ 
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The following lemma is a modified form of [O’SllI Lemma 4.4.5]. It was there 
assumed that Endc(l) = fc, but there was a less stict condition on the objects than 
positivity. The first two paragraphs of the proof of [O’Slli Lemma 4.4.5] concern 
the reduction to the positive case, and are irrelevant here. The remaining three 
paragraphs may be applied unmodified to prove Lemma 114.61 

Lemma 14.6. Let C and D he essentially small k-tensor categories in which every 
object is positive. Suppose that Endc(l) is a henselian local k-algebra with residue 
field k. Then any lifting D ^ C along the projection Q : C ^ C of a faithful k-tensor 
functor ^ C factors up to tensor isomorphism through some right inverse to Q. 

The following is the splitting theorem which will be used, together with some of 
the well-known properties of Tannakian categories and fibre functors, to prove the 
main theorem of the next section. 

Theorem 14.7. Let C he an essentially small k-tensor category with every object 
positive such that Endc(l) is a henselian local k-algehra with residue field k. Then 
the projection Q : C ^ C has a right inverse, unigue up to tensor isomorphism. If 
V is such a right inverse, then any k-tensor functor functor T from an essentially 
small k-tensor category to C with QT faithful factors up to tensor isomorphism 
through V, and such a factorisation is unique up to tensor isomorphism. 

Proof. The existence of a right inverse to Q follows by applying Lemma 114.61 with 
= Mod(A:). Let Vi and V 2 be two such right inverses. Then, as has been seen 
above, there is a fc-tensor category 8 and a fc-tensor functor U : £ ^ C with QU 
faithful such that both Vi and V 2 factor through U. Every object of £ is positive, 
so that by Lemma fld. 61 there is a right inverse W to Q through which U, and hence 
each of Vi and V 2 , factors up to tensor isomorphism. Composing with Q now shows 
that Vi and V 2 are tensor isomorphic to W, and hence to each other. 

If 21 is a /c-tensor category and T : 21 —>■ C is a A:-tensor functor with QT faithful, 
then every object of 21 is positive. Since a right inverse to Q is unique up to tensor 
isomorphism, the existence of the required factorisation of T for 21 essentially small 
thus follows from Lemma ll4.6l Its uniqueness up to tensor isomorphism follows by 
composing with Q. □ 

The basic facts from the theory of Tannakian categories that will be required 
are contained in Lemma [14. 81 to [14.Ill below. We write 

h* : Modx{H) Modx(22') 

for the A:-tensor functor induced by the morphism h : H' ^ H of groupoids over 
X, and 

loh ■ Mod//(X) —>• Mod(X). 

for the forgetful functor. We have ojh = coH'h* for any h : H' ^ H. If 2L is a 
groupoid over 22, we also write 

ujk/h ■ ModR(X) ^ Mod_f/(X), 
for /*, where f : H ^ K is the structural morphism of K. 

Lemma 14.8. Let H be a pregroupoid and K a transitive affine groupoid over X. 
Then for every k-tensor functor F : Modif(lf) ^ Mod//(X) and tensor isomor¬ 
phism if : lohF —ojk there is a morphism f : H ^ K of pregroupoids over X and 
a tensor isomorphism 9 : F —> f* such that ujh9 = f, and the pair (/, 9) is unique. 
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Proof. There is a unique A:-tensor functor F' from ModR:(X) to ModLr(X) such 
that the componenents of ip are at the same time the components of a tensor 
isomorphism 9 : F ^ F'. Then ujnd = ip, so that lok = It is thus enough 

to show that there is a unique / with F' = f*. We have F' = f* if and only if for 
each F-point (sq, si) of X Xk X the square 

^[i](5')( -50,51) SO,Si) 


Iso®{siujh,so*ujh) -1 Iso®(si*a;ic,so*Wic) 

commutes, where the top arrow is that induced on fibres above (so,si) by /, the 
bottom arrow sends 9 to 9F', and the vertical arrows are the canonical ones: to see 
the “if” take S = H^i] and evaluate at the identity of H^i]- Since the right arrow is 
an isomorphism by (DelQOl 1.12(iii)], the existence and uniqueness of / follow. □ 

Lemma 14.9. Let f\ and /2 be morphisms from a pregroupoid FI to a transitive 
affine groupoid K over X. Then any tensor isomorphism ff —> f^ is indueed by a 
eross section a of with f 2 = int(a) o fi, and sueh an a is unique. 

Proof. Let 0 : /i* ^ / 2 * be a tensor isomorphism. By |Del90l 1.12(iii)], there is a 
unique cross section a of such that the tensor automorphism of uj^ induced by 
a is ujh(^- If is the tensor isomorphism from ff to (int(a) o/j^)* induced by a, we 
have ujhO' = Lemma 114.81 with F — f* then shows that /2 = int(a) o fi. □ 

Lemma 14.10. Let H be a pregroupoid over X and T : T) ^ Mod//(X) be a 
k-tensor functor with F Tannakian for which ojhT is a fibre functor of V. Then 
there is a transitive affine groupoid K over H such that T is the composite of a 
k-tensor equivalence from V to Modic(W) with ujk/h- 

Proof. Set K = Ant ^lojRT). The action of H on the images under ujhT of the 
objects of V defines a morphism H ^ K of pregroupoids over X, and hence a 
structure of groupoid over F[ on K. Then T — LOKjH^ with V the canonical 
fc-tensor functor from V to Modic(-^) associated to ujbT. Since cobL is a fibre 
functor, V is an equivalence by [DelQOl 1.12(ii)]. □ 

Lemma 14.11. Let FI be a pregroupoid over X, K and K' be transitive affine 
groupoids over FI, and F be a k-tensor functor from Modi^(X) to Modi<''(X) with 
^k'/hP tensor isomorphic to ujb/b- Then F is tensor isomorphic to f* for some 
morphism f : K' —>■ K over F[, and any two such morphisms are conjugate. 

Proof. Let (p : ujk'/bF — ’^k/h be a tensor isomorphism. By Lemma [14.81 we 
have a tensor isomorphism 9 : F ^ /* with ujb(^ = for some f : K' ^ K over 
X. We have ujb/b = h* and ujb'/b = h'* with h and h' the structural morphisms 
of K and K'. Thus (/ o h', h'*9) coincides with {h, ip) by the uniqueness statement 
of Lemma 114.81 so that / is a morphism over FI. The uniqueness up to conjugacy 
follows from Lemma 114.91 □ 

It is convenient tp prove here following lemma, which will also be required later. 
For its proof we need the fact that if iF is a reductive groupoid over X and K' = 
K Xx X' for an affine F-scheme X', then any representation V' of K' is projective 
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in MODk/(X'). To see this, reduce using the fact that V' is dualisable to the case 
where V — Ox', and note that 

YLomK'iOx',-) = Hom/f,7j(7e, -) = RouiKiOx,-) 
by the equivalence (j8.6l) . where X' = Specijl). 

Lemma 14.12. Let K he a reductive groupoid over X and X' be an affine K-scheme. 
Then every representation of K Xx X' is a direct summand of the pullback along 
X' ^ X of a representation of K. 

Proof. Write X' = Spec(72.) for a -ff-algebra TZ. By the equivalence (18.81) . it is 
enough to show that every representation V of {K, TZ) is a direct summand of TZ®Ox 
Vo for some representation Vo of K. We have an epimorphism of (iti, 7^)-modules 

TZ ®Ox V —^ V. 

Writing the iti-module V as the filtered colimit of its subrepresentations Vq, we 
obtain an epimorphism, and hence by the above remark a retraction, from TZ®Ox 
to V for some Vq. □ 

15. Universal and minimal reductive groupoids 

In this seetion k is a field of characteristic 0, X is a non-empty k-scheme, and 
H is a pregroupoid over X. 

In this section we prove that a universal reductive groupoid over H exists pro¬ 
vided that H^{X,Ox) is a henselian local fc-algebra with residue field k. As well 
as the classification theorems of Sections m and Eol this result has many conse¬ 
quences which will developed in this and the next three sections. A particularly 
import application is to those reductive groupoids over H which do not properly 
contain a reductive subgroupoid over H, and their corresponding principal bundles. 

Definition 15.1. Let AT be a reductive groupoid over H. We say that K is univer¬ 
sally reductive if for every reductive groupoid K' over H there exists a morphism 
from K to K' over H, and if such a morphism is unique up to conjugacy. We say 
that K is minimally reductive if it does not strictly contain a reductive subgroupoid 
over H. 

Let AT be a universally reductive groupoid over H. If AT is a reductive groupoid 
over H, there is thus a morphism /, unique up to conjugacy from K to AT'. Then 
K' is minimally reductive if and only if / is surjective. 

Proposition 15.2. Let K be a universal reductive groupoid over H. Then any two 
morphisms over H from K to a transitive affine groupoid over H are conjugate. 

Proof. Let K' be a transitive affine groupoid over H such that a morphism from AT 
to AT' over H exists. Then K' has a Levi subgroupoid K" over iL, by Theorem ll3.4l 
By ProDOsition ll2.3l any morphism from K to K' over H is conjugate to one which 
factors through K". The result thus follows by the universal property oi H. □ 

The following result gives sufficient conditions under which Krull-Schmidt holds 
for representations of H, i.e. under which the commutative monoid of isomorphism 
classes of representations of H under direct sum is free. Note that a pseudo-abelian 
category has the Krull-Schmidt property if and only if each endomorphism ring 
R satisfies the following condition: the identity of R has an decomposition into 
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pairwise orthogonal irreducible idempotents, and any two such decompositions are 
conjugate in R. The condition on R is satisfied in particular if R is artinian. 

Proposition 15.3. Suppose that H^{X,Ox) is a henselian local k-algebra. Then 
any representation of H is a finite direct sum of indecomposable representations of 
H, and such a decomposition is unique up to isomorphism. 

Proof. Replacing fc by a sufficiently large extension contained in Hfj{X,Ox), we 
may suppose that Hfj{X, Ox) has residue field k. Then by Lemma fl4.51 Modff(X) 
is a semisimple Tannakian fc-tensor category, and in particular pseudo-abelian with 
finite-dimensional horn fc-spaces. Thus Modij(X) has the Krull-Schmidt property. 
Since by Lemma [14.41 the projection from Mod_f/(X) to ModLL(X) induces a bijec- 
tion on isomorphism classes of objects, it follows Mod//(X) has the Krull-Schmidt 
property. □ 

Theorem 15.4. Suppose that H'^{X, Ox) is a henselian local k-algebra with residue 
field k. 

(i) A universal reductive groupoid over H exists. 

(ii) A transitive affine groupoid K over H is universally (resp. minimally) 
reductive over H if and only if ujk/h composed with the projection from 
Mod//(X) to Modij(X) is an equivalence of categories (resp. fully faithful). 


Proof. Consider the category whose objects are pairs fD, T) with V a semisimple 
Tannakian fc-tensor category and T a fc-tensor functor from V to Mod//(X), where 
a morphism from {'D,T) to (DfT') is a tensor isomorphism class of functors F : 
T> ^ V with T'F tensor isomorphic to T. If TZh is the category of reductive 
groupoids over F[ up to conjugacy, we have a functor TZh —t Th°^^ which sends K 
to {ModxiX), ujx/h) and and the class of f : K' ^ K to the class of /*. This 
functor is essentially surjective by Lemma [14.101 and fully faithful by Lemma fld.lll 
Thus if R is a reductive groupoid over iL, then K is universally reductive 
K is initial in TZh QAodK{X),ojK/H) is final in Th- By Theorem 114.71 Th 

has a final object, and if Q is the projection, then fD^T) is final QT is an 

equivalence. Hence (i) and the criterion of |(ii)| for universality. 

To prove the criterion of (ii) for a minimality we may suppose that K is reductive. 
By[(i)| there is a morphism / : K' —>■ K over H with K' universally reductive over 
H. Then K minimally reductive over H / is surjective /* is fully 

faithful {K' is reductive) QoJK'/Hf* = Q^k/h is fully faithful. □ 


Let T : X> —^ be a faithful A:-tensor functor between Tannakian fc-tensor 

categories. Suppose that T>' is semisimple. Then T is fully faithful if and only if it 
sends indecomposable objects of X> not isomorphic to 1 to indecomposable objects 
of V' not isomorphic to 1. Indeed the “only if” is clear and the “if” follows because 
T is fully faithful provided that it induces a bijection 

Homi,(l,M) A Homi,.(l, T(M)) 
for M indecomposable in V. 


Corollary 15.5. Let H be as in Theorem 115.41 and K be a reductive groupoid over 
H. Then the following conditions are equivalent. 

(a) K is universally reductive over H. 

(b) wkih induces a bijection on isomorphism classes of representations. 
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(c) K is minimally reductive over H, and every representation of H is a direct 
summand of a representation of K. 


Proof. The projection Q from Mod^f(X) to Modir(X) induces a bijection on iso¬ 
morphism classes of objects. Thus the implication |(a)| |(b)| follows from 

Theorem ll5.^rii)| If |(b)| holds then Qu>k/h sends indecomposables not isomorphic 
to 1 to indecomposables not isomorphic to 1 , and hence is fully faithful by the 
criterion above. The implication |(b)| (c) thus follows from Theorem 115. ^I'u)! 


The implication (c) 


|(a)| also follows from Theorem I15.^[ii)[ 


□ 


Recall that V) denotes the kernel on the right of the pairing (19.21) . 


Corollary 15.6. Let H be as in Theorem 115.41 o,nd K be a reductive groupoid over 
H. Then the following conditions are eguivalent. 

(a) K is minimally reductive over H. 

(b) H^{X, V) = V) © H%{X, V) for every representation V of K. 

(c) Every non-trivial indeeomposable representation of K is a non-trivial in¬ 
decomposable representation of H. 


Proof. Write Q for the projection from Mod//(X) to Mod_f/(X). Then each of|(a) 


(b) and (c) is equivalent to the condition that Qujk/h be fully faithful: in the case 
of (a) by Theorem ll5.^rii)[ in the case of |(b)| because (b) is equivalent to requiring 
that Q lok/ h induce an isomorphism on the hom-spaces Homif (Ojc, V), and in the 
case of (c) by the criterion preceding Corollarv ll5.5l □ 


Remark 15.7. Corollary 115.61 can be used to decompose the tensor powers of a 
vector bundle into its indecomposable summands by reducing to a question about 
representations of reductive groups. The following is a simple example, which will 
be useful in Section [20l Let H be as in Theorem 115.41 and suppose that k is 
algebraically closed and that every finite etale 7L-scheme of rank 2 is trivial. Then 
every symmetric power of an indecomposable representation V of iL of rank 2 is 
indecomposable. To see this, let K he a, minimal reductive subgroupoid over H of 
(b")- By Lemma llO.(|l'i)| and Corollarv ll5.61 we may replace H hy K and hence 
suppose that H is a reductive groupoid. Then by Lemma FT41 H = Isoq{P) for a 
reductive fc-group G and principal G-bundle P. Pulling back onto P, we reduce 
first to the case where P is trivial and then to the case where X = Spec(fc) and 
H = G is a reductive fc-group. The image H oi H in GL{V) is non-commutative, 
because otherwise V would be decomposable. Also H has no finite quotient of order 
2 , because such a quotient would define a non-trivial finite etale iL-scheme of rank 
2. Thus H is either GL{V) or SL{V), and the result follows. 


Corollary 15.8. Let H be as in Theorem 115.41 and K be a minimal reductive 
groupoid over H. 

(i) Any two morphisms over H from K to a transitive affine groupoid over H 
are conjugate. 

(ii) Any two representations of K which are H-isomorphic are K-isomorphic. 


Proof. A universal reductive groupoid K' over H exists, by Theorem ll5.^l'i)| There 
is a surjective morphism h : K' —^ K over H. Composing with h and using 

while composing with h and using Corollary I15.^1b)| 

□ 


Proposition 115.21 gives (i) 
gives (ii) 
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Corollary 15.9. Let H be as in Theorem W?) A\ and K be a transitive affine groupoid 
over H. Then any two minimal reductive subgroupoids of K over H are conjugate 
by an element of 

Proof. By Theorem 115. a universal reductive groupoid K' over H exists. Any 
minimal reductive subgroupoid of K over H is the image of a morphism K' K 
over H. By Proposition 115.21 any two morphisms K' —>■ K over H are conjugate 
by a cross section of the diagonal of K, which necessarily lies in H^{X, □ 

Remark 15.10. That some condition on H^{X, Ox) is necessary in order that the 
above Corollaries should hold can be seen as follows. Suppose that k is algebraically 
closed, and write G = GL 2 and K for the normaliser of a maximal torus in SL 2 . 
We regard K as a fc-subgroup of G by the embedding of SL 2 , and take X = G/K. 
Then G is a principal A'-bundle over X whose push forward along the embedding 
AT —>■ G is a trivial G-bundle. The vector bundle over X defined by G and the 
irreducible 2-dimensional representation AT —5> G of AT is thus trivial. On the other 
hand, the structure group of G over X cannot be reduced to a proper fc-subgroup K' 
of AT. Indeed such a reduction would correspond to to a AT-morphism G —)> K'\K. 
Such a AT-morphism is necessarily surjective, so that since G is connected K'\K is 
necessarily isomorphic as a fc-scheme to Gm- Thus G —)• K'\K is constant along 
each coset of SL 2 , which is impossible because AT is contained in SL 2 . 

Let H he a pregroupoid over X. For every iJ-module V we have a pairing 

Hom^(V, Ox) H%{X, V) ^ H%{X, Ox) 

defined by composition. Its image is an ideal 

Ih{V)ciH°j{X,Ox). 

We have 

C/ff(V©>V) 

for every V and W. 

Let AT be a reductive groupoid over H. We write 

Ih{K)-.= y cR^(X,Gx) 

VGModK(A:). ff^(X.V)=0 

for the union of the Ih{V) where V runs over those representations of AT which 
have no direct summand isomorphic to the identity. Then ///(AT) is an ideal of 

HUX.Ox). 

We note that if M and N are objects in a pseudo-abelian category, then the 
composition homomorphism 

(15.1) Hom(M, A^) (g) Hom(iV, M) ^ End(iV) 

is surjective if and only if TV is a direct summand of M" for some n. 

Proposition 15.11. Let K be a reductive groupoid over H. Then the following 
two conditions are equivalent. 

(a) Ih{K)^H%{X,Ox). 

(b) For every representation of AT with no non-zero trivial direct summand, the 
underlying representation of H has no non-zero trivial direct summand. 
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Proof. Taking for M in (I15.ip the representation V oi H and for N the trivial 
representation Ox of H shows that Ih{V) = H^{X, Ox) if and only if V" has the 
direct summand Ox for some n. The result follows. □ 

Let k' be an extension of k contained in H^{X, Ox)- Then we may regard X as 
a fc'-scheme. A pregroupoid H over X is then a pregroupoid in fc'-schemes if and 
only if k' lies in H^{X,Ox). Suppose that this condition holds, and let AT be a 
reductive groupoid over H. The restriction K' of K to the subscheme X Xk' X of 
A Xfe A is a reductive groupoid in /c'-schemes over H. We have 

(15.2) Ih{K)=Ih{K'). 

Indeed K' coincides, as a groupoid in fc'-schemes over A, with the pullback of Kk' 
along the canonical morphism of fc'-schemes A Xk'■ Thus A Xk' defines 
an equivalence from Modify, (Afc') to Modif/(A), so that any representation of 
K' with no direct summand isomorphic to the identity is a direct summand of a 
representation of K with no direct summand isomorphic to the identity. 

Let fc' be an extension of fc. Then Lemma [9)4] applied to the system {Ox V) 
where V runs over the finite-dimensional fc-vector subspaces of fc' shows that the 
embedding of H^{X,Ox) induces an isomorphism 

(15.3) H%{X,Ox)k' ^ H°Hy{Xu^,Oxy) 
provided that either fc' is finite over fc or A is quasi-compact. 

Proposition 15.12. Let K be a reductive groupoid over H and fc' be an extension 
of fc. Suppose that ether fc' is finite over k or that X is quasi-compact. Then 
lH^,{Kk') is the image of lH(K)ki under (115.31) . 

Proof. By Lemma (14.121 with A' = X^', every representation of Kk' is a direct 
summand of Vk' for some representation V of AT. □ 

Corollary 15.13. Let K be a reductive groupoid over H. If Lh{K) H^{X, Ox), 
then K is minimally reductive over H. The converse holds when H is as in Theo¬ 
rem 115.41 

Proof. Suppose that AT contains a reductive subgroupoid K' ^ K over H. Then the 
functor from Mod/f (A) to Mod^f' (A) defined by the embedding is not fully faithful. 
Thus by the criterion preceding Corollarv ll5. 51 there is a representation V of A' with 
no non-zero trivial direct summand such that the underlying representation of A'', 
and hence the underlying representation of H, has the trivial direct summand Ox- 
This implies Ih{K) = H^{X,Ox), by Proposition [TfoTTJ 

If H is as in Theorem 115. 41 and AT is minimally reductive over H, then by Corol¬ 
lary [15)^^ I//(V) ^ Hfj{X,Ox) for V a representation of K with no non-zero 
direct summand. Thus Ih{K) H^{X,Ox). □ 

Remark 15.14. Suppose that A is affine. Then Ix{V) = H°{K,Ox) for every 
V ^ 0 in Mod(A). Thus 

Ix{K) = H\X,Ox) 

for every reductive groupoid AT over A other than the constant groupoid 1. Suppose 
that a non-constant reductive groupoid over A exists, as is the case for example 
when there is a V in Mod(A) which is not free. Then a minimal reductive groupoid 
over A exists other than the constant groupoid 1. This shows that some condition 
on H is necessary for the final statement of Corollarv ll5.13l 
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Remark 15.15. Suppose that H^{X,Ox) is a henselian local fc-algebra. Denote 
by k' its residue field. Then there exists an embedding over k of k' into H^{X, Ox) 
which is right inverse to the projection. Choose such an embedding. Then we may 
regard H as a, pregroupoid in /c'-schemes, and if if is a reductive groupoid over H 
and K' is the restriction of K to the subscheme X X oi X Xk X we have the 
equality (115.21) . Thus by Corollary 115.131 the conditions 

. Ih{K)^H%{X,Ox) 

• K' is minimally reductive over H 

are equivalent. These conditions are in general strictly stronger than the one that K 
be minimally reductive over H. The following are two examples of this, with X = 
Spec(fc') and H = X. Suppose first that k is algebraically closed but that k' is not. 
Then a non-trivial principal bundle with reductive structure group over X exists, 
such as the spectrum of a non-trivial Galois extension of k' with structure group 
the Galois group. A non-constant reductive groupoid over X, and hence a minimal 
reductive groupoid K over X other than the constant groupoid 1, thus exists. 
On the other hand reductive groupoids over the fc'-scheme X are just reductive 
fc'-groups, so that K' ^ 1 is not minimally reductive. For the second example 
suppose that k' is a quadratic extension of k. Then the non-zero element of 

H^{Ga\{k'/k),Z/2) = Z/2 

defines a non-neutral reductive groupoid K over X with ifthe discrete A:'-group 
of order 2, Then if is minimally reductive, but if', and even iffc', is not. 

We may regard H as a groupoid in S'-schemes, where 

S = Spec(A) = Spec(ii^(A, Ox))- 

If S' is a scheme over S and X' = X x s S' is the constant ii-scheme defined by S", 
then we have a canonical isomorphism 

H' = H xs S' ^ H xx X' 

of pregroupoids over X'. Suppose that S' = Spec{A') is affine and flat over S', and 
that X is quasi-compact and quasi-separated and ii[i] is quasi-compact. Then for 
any representation V oi H with pullback V' onto X', the canonical homomorphism 
from Hfj{X,V) to H)j,{X',V') extends to an isomorphism 

ii^(A,V) Ga A' ^ H°H,{X'y). 

This follows from the fact that H)j{X, V) for example is the equaliser of two mor- 
phisms from H^{X,V) to H°{H[i],di*V), while base change along S' —>■ S is an 
isomorphism for X and V and injective for iS[i] and c?i*V. In particular we have a 
canonical isomorphism 

A'^H%,{X',Ox'), 

which induces for every reductive groupoid K over H an isomorphism 
Ih{K) Ga a' ^ Ih'{K X[x] 

This can be used as follows to describe the support of the subscheme of S defined 
by Ih{K). Let s be a point of S. Write Sg for the spectrum of the henselisation 
of S at s and Xs for X Xs Sg, and let kg be a /c-subalgebra of this henselisation 
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with projection onto the residue field an isomorphism. Then by the criterion of 
Remark [iSTSl s lies in the support of Spec(A/Iff(K)) if and only the groupoid 

X[X] 

in fcs-schemes over H xs Ss is minimally reductive. 

Corollary 15.16. Let H be as in Theorem 115.41 K be a reductive groupoid over 
H, and k' be an extension of k. Suppose that either k' is finite over k or that X 
is quasi-compact. Then Kk’ is minimally reductive over Hk' if and only if K is 
minimally reductive over H. 

Proof. That minimally reductive over implies K minimally reductive over 
H is immediate, even without any condition on k' or X. The converse follows from 
Proposition 115.121 and Corollarv ll5.13l □ 

Remark 15.17. That some condition on H is needed in Corollarv I 15.1 61 can be seen 
by the example of Remark 115.151 with H = X and X the spectrum of a quadratic 
extension of k. The following is an example with H = X and X geometrically 
connected. Suppose that X = is the affine plane, and that k is not algebraically 
closed. Then by |Rag89[ Theorem B], there exists a reductive /c-group G and a 
principal G-bundle P over X such that P^ is a trivial G^-bundle over X^, but 
P is not the pullback of a principal G-bundle over Spec(A:). Replacing G by an 
appropriate inner form and P by a twist, we may suppose that P has a fc-point. 
Then the groupoid ]soq{P) is not constant. It thus has a minimally reductive 
subgroupoid K which is not constant. On the other hand the groupoid Kj. over 
X^/k is constant, because every principal bundle over X^/k is trivial |R^ . 

Note that the condition on H in Theorem 115.41 is not in general preserved by 
extension of scalars. However by (|15.3p it is preserved by algebraic extension of 
scalars, provided that either the extension is finite or X is quasi-compact. 

Corollary 15.18. Let H be as in Theorem 115.41 K be a reductive groupoid over 
H, and k' be an algebraic extension of k. Suppose that either k' is finite over k or 
that X is quasi-compact and quasi-separated and is quasi-compact. Then Kf^> 
is universally reductive over Hk' if and only if K is universally reductive over H. 

Proof. By |(c)| of Corollarv ll5.5l and Corollarv ll5.161 it suffices to apply Lemma I^TTl 
with H' = K and X' = Xk’. □ 

16. Applications to principal bundles 

In this section k is a field of characteristic 0, k ia an algebraically closed extension 
of k, X is a non-empty k-scheme, and H is a pregroupoid over X. 

By considering groupoids of the form Iso ^fPl, we can derive from Theorem 1 15. 41 
and its corollaries results applicable to principal bundles. If we consider only re¬ 
ductive fc-groups G, it is necessary for this either to suppose that k is algebraically 
closed, or to suppose that X has a fc-point x and confine attention to bundles which 
have a fc-point above x. For the general case, it is necessary to consider IsOp(P) 
for reductive groupoids P over fc. 

We first prove some criteria for a reductive groupoid K over H to be universally 
reductive. To do this we consider the map 

(16.1) Hom“;j(A,IsoG(P)) ^ Hom“;j(P,IspG(P)) 
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induced hy H ^ K for an affine fc-group G, and the map 
(16.2) Hom“"^(it',Iso^(P)) -)> Hom“"J(77,Isp^(P)) 

induced hy H ^ K for a transitive affine groupoid F over k. 

Lemma 16.1. Let K be a reduetive groupoid over H and x he a k-point of X. 
Then K is universally reductive over F[ if and only if the canonical map from 
Hj^{X,x,G) to Hjj{X,x,G) is bijective for every reductive k-group G. 

Proof. By (15.61) . K is universally reductive over F[ if and only if (116. 1|1 is bijective 
for every reductive fc-group G and principal G-bundle P over X trivial above x. 
This is equivalent to the bijectivity of the canonical map, by Lemma 15.11 and the 
naturality of (15.2p applied to H ^ K. □ 

Lemma 16.2. A reductive groupoid K over FI is universally reductive over FI if 
and only if the eanonical map from {X, G) to Hjj {X, G) is bijective for every 
reductive groupoid G over k. 

Proof. By Lemma 17.41 K is universally reductive over H if and only if (116.211 is 
bijective for every reductive groupoid F over k and principal T’-bundle P over X. 
This is equivalent to the bijectivity of the canonical map, by Lemma 16.101 and the 
naturality of (16.21) applied to H ^ K. □ 

Lemma 16.3. Let G be a reductive k-group and P be a principal {H,G)-bundle 
over X which has a k-point above the k-point x of X. Then IsOr^(P) is universally 
reductive over H if and only if G and [P] represent the functor Hjj{X,x, —) on 
reductive k-groups up to conjugacy. 

Proof. By Lemma I5.1^1ii)[ G and the class of P represent ^p^{X,x,—) on 
reductive fc-groups up to conjugacy. The result thus follows from Lemma [16.11 □ 

Lemma 16.4. Let F be a reductive groupoid over k and P be a principal {H, F)-bun- 
dle over X. Then IsO p(P) is universally reductive over H if and only if F and [P] 
represent the functor Hjj{X, —) on reductive groupoids over k up to conjugacy. 

Proof. By Lemma 17.^1 ii)[ F and the class of P represent —) on reduc¬ 

tive groupoids over k/k up to conjugacy. The result thus follows from Lemma [16.21 

□ 


Theorem 16.5. Let H be as in Theorem 115.41 

(i) For each k-point x of X the functor F[p(X, x, —) on reductive k-groups up 
to conjugacy is representable. 

(ii) The functor Hjj{X,—) on reductive groupoids over k up to eonjugacy is 
representable. 


Proof. By Theorem ll5.4[i)|an d Lemmas ll6.11 and ll6.21 we may suppose that iJ is a 
reductive groupoid. Then (i) follows from Lemmal5.31and[(ii)|from Lemma l7.51 □ 


Lemma 16.6. Let H be a pregroupoid over X, x be a k-point of X, G be a reductive 
k-group, and P be a principal {H, G)-bundle with a k-point above x. Then Jsoq{P) 
is minimally reductive over H if and only if P has no principal {H,G')-subbundle 
with a k-point above x for any reductive k-subgroup G' ^ G of G. 


Proof. The “only if” is immediate. The “if” follows from the equivalence (15.51) . □ 
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Lemma 16.7. Let H be a pregroupoid over X, F be a reductive groupoid over k, 
and P be a principal {FI, F)-bundle. Then IsO p(P) is minimally reductive over H 
if and only if P has no principal {H,F')-subbundle for any reductive subgroupoid 
F' ^ G over k of F. 

Proof. The “only if” is immediate. The “if” follows from Lemma 17^ □ 


Lemma 16.8. Let K be a transitive affine groupoid over H. Then the following 
conditions are eguivalent. 

(a) Any two morphisms over H from K to a transitive affine groupoid over H 
are conjugate. 

(b) The canonical map Hj^{X, F) —> Hjj{X, F) is injective for every transitive 
affine groupoid F over k. 


Proof. By Lemma [Till (a) holds if and only if (jl6.2|) is injective for every transitive 
afSne groupoid F over k and principal f-bundle P over X. This is equivalent to 
1(b) I by Lemma [6.101 and the naturality of (16.211 applied to H ^ K. □ 


Corollary 16.9. Let H be as in Theorem 115.41 and K be a minimal reductive 
groupoid over FI. Then the canonical map Fl]^{X,F) Hjj{X,F) is injective for 
every transitive affine groupoid F over k. 

Proof. Immediate from Corollary 115. I' i)| and Lemma [16.81 □ 


Corollary 16.10. Let H be as in Theorem 115.41 F be a reductive groupoid over 
k, and P be a principal {H, F)-bundle such that IsO pfP) is minimally reductive 
over H. Then the push forwards of P along two morphisms hi and /i 2 from F to 
a transitive affine groupoid F' over k are {H, F')-isomorphic if and only if hi and 
/i 2 are conjugate. 


Proof. The map that sends the conjugacy class oi h : F ^ F' to the cohomology 
class of the push forward of P along h factors as 

HomP(F,F') A HL^^p^{X,F') ^ H},{X,F'), 

where the first map is defined by [T*] and is bijective by Lemma [731 and the second 
is the canonical map and is injective by Corollary 116.91 □ 


Remark 16.11. In general, the equivalent conditions of Lemma ll6.8l do not imply 
that K is minimally reductive over H, even for H as in Theorem ll5.4l Suppose for 
example that k is algebraically closed and k = k. Then K = Isoq{P) for an affine 
fc-group G by Lemma 1731 and |(b)| of Lemma fl 6. 81 holds if and only if the map 

i{G, P) : Hom“"j(G, G') ^ Hjj{X, G') 

defined by P is injective for every affine fc-group G'. Let Pq be a principal {H, Gm)-bun- 
dle whose class in Fl]j{X,Gra) is not of finite order, and P be the push forward 
of Pq along an embedding e : Gm SL 2 . Then IsOq^(Po) is minimally reductive 
over H but Isoof is not. Now by a theorem of Malcev, e induces an injective 
map 

Hom“"j(,SP2, G') ^ HomP(G,„, G') 

for every fc-group G'. Thus i{SL 2 ,P) is injective because i{Gm,Po) is injective. 
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Let be a transitive affine groupoid over an extension k' of k, and P be principal 
F-bundle over X. Given a representation V of we define the vector bundle 


Px^V 


over X associated to V by identifying the points {pg, v) and (p, gv) oi P xV for 
every point g of F. Explicitly, P x^ V is obtained by faithfully flat descent along 
P ^ X oi the constant vector bundle P x V on P according to the isomorphism 

{po,pi,v) i-A {po,pi,gv) 

of its pullback along {pq,Pi) i—>■ pi to its pullback along (j)o,Pi) Po, where g is 
defined using (16.31) by pi = pog. Formation oi P x^ V is functorial in P and V, 
and is compatible with pullback of V and F. li k' = k, then P x^ V is the usual 
vector bundle associated to a representation of the fc-group F. 

Suppose that P is a principal (iL, P)-bundle. Then P x^ V has a canonical 
structure of representation of iL, with F[ acting through its action on P. We then 
have a functor 

P x^ — : ModF(fcO Mod/f(Jf). 

It sends the trivial representation k' of G to the trivial representation Ox of iJ, so 
that there is an embedding 

(16.3) :=H°p(k',V)-^H%{X,Px^V) 
defined by functoriality. 

The canonical structure of principal (IsO plPb P)-bundle on P defines a canonical 
structure of representation of IsOplP) on P x^ V. If P' is the pullback of P along 
X' X, then the canonical isomorphism from the pullback oi P x^ V onto X' to 
P' x^ V is an isomorphism of representations of IsOp(P') which is natural in V. 
Taking X' = P so that P' is trivial, and using the fact that pullback functors for 
representations of transitive groupoids are equivalences, now shows that 

(16.4) Px^-:Modp^(fc')^Modiso^(P)(X) 

is an equivalence of categories. In particular when F[ = IsopIP'). (116.31) is an 
isomorphism. 


Corollary 16.12. Let F[ be as in Theorem 115.41 F be a reductive groupoid over k, 
and P be a principal {FI, F)-bundle. Then the following conditions are equivalent. 

(a) IsOp(P) is universally reductive over H. 

(b) P X ^ — induces a bijection from isomorphism classes of representations of 
F to isomorphism classes of representations of FI. 

(c) IsOpfPl is minimally reductive over H, and every representation of H is 
a direct summand of P x^ V for some representation V of F. 


Proof. It is enough to show that with K = IsOp(P). each of|(b)|and (c) is equivalent 
to the corresponding condition of Corollary 115.51 This is clear because (|16.4|) is an 
equivalence. □ 


Corollary 16.13. Let H be as in Theorem 115.41 F be a reductive groupoid over k, 
and P be a principal {H,F)-bundle. Then the following conditions are equivalent. 

(a) IsO pfPl is minimally reductive over H. 

(b) Hp{X, P x^ V) = '^^'^Hfj{X, P x^ V)® for every representation V of 

F. 
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(c) P x^V is a non-trivial indecomposable representation of H for every non¬ 
trivial indecomposable representation V of F. 


Proof. It is enough to show that with K = IsOpfP), each of|(b)|and (c) is equivalent 
to the corresponding condition of Corollary 115.61 This is clear because (116.41) is an 
equivalence and (116.31) with H = IsOp(P) is an isomorphism. □ 


Let P be a transitive affine groupoid over an extension k' of fc, P be a principal 
(P, P)-bundle, Pq be a transitive affine subgroupoid of P, and Pq be a principal 
(P, Po)-subbundle of P. We can form other principal subbundles of P starting from 
Pq using the following operations of conjugation, extension and gauge transforma¬ 
tion. The conjugate of Pq by g in P°(fc', is the principal (P, g“^Pog)-sub- 

bundle 

Pq9 

of P defined as the image of Pq under right translation P —)• P by 5 . It is the 
push forward of Pq along the morphism of groupoids Pq —>■ g~^Fog defined by 
go 9 ~^go 9 - The extension of Pq to a transitive affine subgroupoid Pi of P which 
contains Pq is the principal (P, Pi)-subbundle 

PoT’i 

of P defined as the image of Pq Xk' under the action of P on P. It is the 

push forward of Pq along Pq —)► Pi. The gauge transform of Pq by the (P, P)-au- 
tomorphism 0 of P is the principal (P, Gq)- subbundle 

OPo 

of P defined as the image of Pq under 9. Two principal (P, Po)-subbundles of P are 
gauge transforms of each other if and only if they are (P, Po)-isomorphic, because 
such an (P, Po)-isomorphism extends to an (P, P)-automorphism of P. 

Let P' be a transitive affine subgroupoid of P. Then the principal (P, P')-sub- 
bundles of P obtained from Pq by iterating the above three operations are those of 
the form 

OP 09 F' 

with g~^Fog contained in P'. A principal (P, P')-bundle P' can be written in this 
form for a given g if and only if the morphism of groupoids 

ag : Fq ^ F' 

defined by go i-A g~^gog sends [Pq] in F[\j{X,Fo) to [P'] in F[\j{X,F'). We note 
that a-g = ag if and only ifg = gog with go in Hp^{F , ^nd that a-g and ag are 

conjugate if and only iig = gogg' with go in P^^(fc', and g' in H^{k' 

Corollary 16.14. Let FI be as in Theorem 115.41 G be an affine k-group, and P 
be a principal {F[,G)-bundle. Let Go be a reductive k-subgroup of G and Pq be a 
principal {H, Go)-subbundle of P which has no principal {H,Gi)-subbundle for any 
reductive k-subgroup Gi Go of Go- Let G' be a k-subgroup of G and P' be a 
principal [FI, G')-subbundle of P which has a principal {FI, G")-subbundle for some 
reductive k-subgroup G" of G'. Suppose X has a k-point above which both Pq and 
P' have a k-point. 

(i) There is a k-point g of G with gGog~^ contained in G' for which P' is the 
image of Pog~^G' under some {H,G)-automorphism of P. 
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(ii) A g as in (i) is unique up to multiplication on the right by a k-point of the 
centraliser of Go in G and on the left by a k-point of G'. 


Proof. Let a; be a fc-point of X above which Pq and P' have a fc-point. With 


as above, it is enough to show that there is a g, unique as in (ii) for which a 


sends [Pq] in Hjj{X,x,Go) to [Pi] in Hjj{X,x,Gi). The uniqueness is clear by 
Corollary 116.101 

Let G and [P] represent the functor of Theorem I16.ljti)[ By the condition on 
Po, there is a surjective morphism ho : G ^ Gq which sends [P] to [Pq]. By 
the condition on P' and the equivalence (15.51) . P' has principal (P, G'")-subbundle 
with a fc-point above x for some reductive fc-subgroup G” of G'. Thus there is a 
morphism h' : G ^ G' which sends [P] to [P'j. If Cq : Go —t G and e' : G' ^ G are 
the embeddings, e'oh' is by Corollarv ll6.10l the conjugate of eooho by g~^ for some 
fc-point q of G. Since ho is surjective, g~^Goq is contained in Gi and h' = an o ho- 
Thus ag sends [Pq] to [PJ. □ 


Corollary 16.15. Let P[ be as in Theorem 115.41 F be a transitive affine groupoid 
over k, and P be a principal {FI, F)-bundle. Let Fq be a reductive subgroupoid of F 
and Pq be a principal {F[, Fo)- subbundle of P which has no principal {FI, Fi)-sub- 
bundle for any reductive subgroupoid Pi ^ Fq of Fq. Let F' be a transitive affine 
subgroupoid of F and P' be a principal {H, F')-subbundle of P which has a principal 
{H, F")-subbundle for some reductive subgroupoid F" of F'. 

(i) There is a g in P*^(fc, with g~^Fog contained in F' for which P' is 

the image of PogF' under some {H, F)- automorphism of P. 

(ii) A g as in |(i)| is unique up to composition on the left by an element of 

Hp^{k, and on the right by an element of H^{k, 

Proof. With ag as above, it is enough to show that there is a g, unique as in |(ii)[ 
for which ag sends [Pq] in H]j{X, Fq) to [Pi] in L[jj{X, Pi). The uniqueness is clear 
by Corollary 116.101 

Let P and [P] represent the functor of Theorem I16.1^1ii)[ By the condition on 
Po, there is a surjective morphism ho : F ^ Fq which sends [P] to [Pq], and by 
the condition on P', there is a morphism h' : F ^ F' which sends [P] to [P']. If 
eo : Pq — P and e' : F' ^ F are the embeddings, then e' o h' is by Corollarv lI6.10l 
the conjugate of eo o ho by g~^ for some g in P°(fc, P'^'*^®). Since ho is surjective, 
g~^Fog is contained in Pi and h' = ag o ho. Thus ag sends [Po] to [Pi]. □ 


Let P be a reductive groupoid over an extension of fc, and P be a principal 
(P, P)-bundle. With Ih{V) as in Section [TH write Ih,f{P) for the union of the 
ideals Ih{P V) of H'^{X,Ox), where V runs over those representations of P 
with = 0. It is an ideal of H^{X, Ox), and since (116.41) is an equivalence, 

Ih,f{P) = Ih{IsQp{P)). 

The properties of Ih{K) proved in Section [T51 thus imply corresponding properties 
for Ih,f{P). In particular by ProDOsition ll5.l21 formation of Ih,g{P) is compatible 
with finite extension of scalars and arbitrary extension of scalars when X is quasi¬ 
compact, and by Corollarv ll5.131 Ih,f{P) ^ ^x) if and only if IsOf(P) is 

minimally reductive over P for P as in Theorem 115.41 

Using Lemmas 116.31116.41116.61 and 116.71 we obtain analogues for principal bun¬ 
dles of Corollaries 11 5. 161 and 115.1^ 
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By taking for k an algebraic closure of k and using Proposition [TO] and pi.lTL 
the results of Section |TS] may also be formulated in terms of principal bundles under 
a Galois extended /c-group. We state explicitly the following form of Corollarv ll5.181 
which will be required in Sections [T9| and [20l 

Corollary 16.16. Let H he as in Theorem 115.41 and k be an algebraic closure 
of k. Let {D,E) be a reductive Galois extended k-group, a be an element of 
L[jj(X,D,E) and a the image of a in Suppose that X is quasi-compact 

and quasi-separated and il[i] is quasi-eompaet. Then {D,E) represents the functor 
Hjj{X, —) on reductive Galois extended k-groups up to conjugacy with universal 
element a if and only if D represents the funetor —) on reduetive k-groups 

up to conjugacy with universal element a. 

Proof. By Proposition 111.41 we may suppose that {D, E) = for a 

reductive groupoid F over k. By (|11.17|1 . it is then enough to show that if /3 in 
H^{X,F) has image f3 in then F represents H^{X, —) on reductive 

groupoids over k up to conjugacy with universal element /3 if and only if 
represents H^{Xj, —) on reductive fc-groups up to conjugacy with universal element 
/3. This is clear from Corollarv ll5.18l and Lemma [16.41 because if (3 is the class of 
the principal P"-bundle P over X, then /3 is the class of the underlying principal 
F‘^i®'g-bundle over Xj of P, while Isppdiag(P) = IsOp(P)^. □ 

17. Gauge groups 

In this section k is a field of characteristic Q, X is a non-empty k-scheme, and 
H is a pregroupoid over X. 

In this section we consider the /c-groups of cross-sections of certain 

afSne 7T-groups J. Such fc-groups exist for example when X is proper over k and 
J = for a transitive affine groupoid over H. In general, fX, is 

not reductive, even if K is. The main result of this section. Theorem 117.51 shows 
however that if K is reductive and Kq is a minimal reductive subgroupoid of K, 
then (X, is a Levi fc-subgroup of 11% {X, . For simplicity, the main 

results of this section will be given only for iL-groups of finite type. The general 
case is not much more difficult. 

Let V be an iL-module and F be a fc-vector space. Then we have a homomor¬ 
phism of fc-vector spaces 

(17.1) H%iX,V)^kV ^ H%iX,V^kV), 

natural in V and V, which sends w (E> v to the image of w under the morphism 
of iJ-modules from V to V V defined by the embedding of v into V. The 
homomorphism (117.11) is always injective, and is an isomorphism if and only if every 
element of its target lies in H%{X,V V%) for some finite-dimensional fc-vector 
subspace Vq of V. It is an isomorphism if V is finite-dimensional over fc, or if X 
is quasi-compact, or if is a transitive affine groupoid over X. If V' —>■ V is an 
injective morphism of 7L-modules and if (jl7.11) is an isomorphism, then (117.11) with 
V replaced by V' is an isomorphism. 

Definition 17.1. Let K he a, transitive affine groupoid over H. We say that H is 
K-finite if H%{X,V) is finite-dimensional over fc for every representation V ot K 
and (jl7.111 is an isomorphism for every representation V oi K and fc-vector space 

F. 
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If X is proper over k, or if i? is a transitive affine groupoid over X, then H 
is K-Umte for every transitive affine groupoid K over H. If H is itT-finite, then 
formation of H^{X,V) for V a representation of K commutes with extension of 
scalars. 

Let K and K' be transitive affine groupoids over H. If there exists a morphism 
of groupoids from K to K' over H, then H is LT'-finite when it is iL-finite. If 
K is a. subgroupoid over iJ of a transitive affine groupoid K' over H, and K 
has a reductive subgroupoid over H, then H is LT-finite when it is iiT'-finite: we 
may suppose that K is reductive, and every representation of K is then a direct 
summand of a representation of K'. 

Let K he a transitive affine groupoid over X and k' be an extension of k. Then 
every representation V' of Kk' is a quotient of a representation Vk' of Kk' for 

V a representation of K. Indeed we have a canonical epimorphism of iL'-inodules 
V'k' —t V', and it suffices to write the iL-module V as the filtered limit of its finitely 
generated LC-submodules. Taking duals now shows that every representation of Kk' 
is a subrepresentation of a representaion Vk' of Kk' for V a representation of K. 
It follows from this that if X is a groupoid over H and H is iL-finite, then Hk' is 
Kk'-haite. 

Let H he a pregroupoid over X and Z be an iL-scheme over X. If the functor 
Hom//(—x,^) on fc-schemes is representable, we write 

H?h{X,Z) 

for the representing fc-scheme. Then we have a functor H^u{X, —) to the category 
of fc-schemes from the category of those iL-schemes Z for which H%,(X, Z) exists. 
This last category is closed under the formation of limits, and H^h{X, —) preserves 
them. Also H%[(X, —) is compatible with extension of scalars, and sends monom- 
porphisms of id-schemes to monomorphisms of /c-schemes. Any morphism H ^ H' 
of pregroupoids over X induces a monomorphism of fc-schemes from ii*^, {X, Z) 
to iiglA. Z), when both exist. If id = A, then H_%{X, Z) is the Weil restriction 
RxjkZ. 

Proposition 17.2. Let K be a transitive affine groupoid over id and Z be an affine 
K-scheme. Suppose that id is K-finite. Then the k-scheme id^(A. Z) exists and 
is affine. It is of finite type over k if Z is of finite type over X. 

Proof. We have Z = Spec{TZ) for a commutative A-algebra TZ. We may write TZ 
as the coequaliser in the category of commutative dd-algebras of two morphisms 
from Sym V' to Sym V for A-modules V and V', with V finitely generated if 7?. is a 
finitely generated dd-algebra. Then Z is the equaliser of two morphisms from V (V) 
to V(V') of A-schemes, where V denotes the spectrum of the symmetric algebra. 
Since Hom//(y, —) preserves limits for every id-scheme Y, it is enough, after writing 

V and V' as the filtered colimit of their finitely generated A-submodules, to show 
that if V is a finitely generated A-module then 

(17.2) Homff(-x,V(V)) 

is representable by an affine /c-scheme of finite type. 

Using the A-finiteness of H, we have isomorphisms 

Hom^(Spec(A)x, V(V)) ^ Hom^(V, Ox R) ^ KiX, ®k R) ^ 

^ A^(A, V^) <ZkR^ Homfc(Spec(A), V(A^(A, V^)^)) 
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which are natural in the commutative A:-algebra R. Since (|17.2|1 is a sheaf for 
the Zariski topology, it is thus represented by the affine fc-scheme of finite type 


Let M be a fc-group of finite type. The adjoint action of M defines a structure 
of M-algebra on the Lie algebra m of M. If n is an M-submodule of m, there exists 
a unique connected normal fc-subgroup N oi M with Lie algebra n. Indeed if V 
is faithful representation of M, we may take for N the identity component of the 
fc-subgroup of M that acts trivially on Endfc(tZ)/n, where n is identified with its 
image in Endfc(E). The uniqueness of N is clear because the intersection of two 
fc-subgroups of M whose Lie algebras coincide has the same Lie algebra. 

Let J be an iJ-group for which J) exists. Then H%[(X. J) has a canonical 

structure of group scheme over k. Suppose that J is smooth over X and H_^{X, J) is 
affine and of finite type over k. Then the Lie algebra Lie( J) of J is a representation 
of H, and taking points in the fc-algebra of dual numbers shows that 

LieiK^HiX, J))=iJ^(X,Lie(J)). 


Suppose further that H^{X,Ox) is a local fc-algebra with residue field k. Then 
the ideal Lie(J)) of H^{X,Lie{J)) is stable under the adjoint action of 

H^h{X, j), as can be seen starting from the fact that any fc-point of (X, J) in¬ 
duces by conjugation an iL-morphism J —^ J. There thus exists a unique connected 
normal fc-subgroup 

J) 

of H_%{X, J) with 

Uer’^H^^iX, J)) = -'i<(X,Lie(J)). 


It is functorial in J. By Proposition 117.21 the above conditions on H and J are 
satisfied in particular when X is geometrically iL-connected and J is a iL-group for 
some transitive affine groupoid K over H such that H is Lf-finite. 

Let E be a faithful representation of a fc-group M of finite type. If we identify 
the Lie algebra m of M with its image in Endfc(E), then the trace on Endfc(E) 
defines a symmetric pairing 

a (8> 6 i-A tr(a o b) 

on m. When m is equipped with the adjoint action of M, this pairing is a homo¬ 
morphism of M-modules. Its kernel is the Lie algebra of R^M. 


Proposition 17.3. Let K be a transitive affine groupoid over H and J be an affine 
K-group of finite type. Suppose that X is geometrically H-connected and that H is 
K-finite. Then '^’^H%,(X. J) is contained in R„H%,(X. J). and coincides with it if 
the fibres of J are reductive. 

Proof. Since J) and RuH_%{X, J) are connected, it is enough to prove 

that we have an inclusion 

^"‘ii7^(X,Lie(J)) C Ue{RuH°H{X, J)) 

of Lie algebras, with equality if the fibres of J are reductive. 

Extending the scalars if necessary, we may assume that k is algebraically closed 
and that X has a fc-point x. Since J is of finite type, K acts on J through a 
quotient Ki of finite type. Replacing K by Ki, we may assume that K is of finite 
type. Then J Xx K is a transitive affine groupoid of finite type over X, and has 
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thus a faithful representation W. It defines a faithful representation of J on W 
which is compatible with the actions of if on J and W. 

The action of J on W defines an embedding 

p : Lie(J) ^Endo^(>V). 

of representations of K. We then have a homomorphism 
(17.3) Lie(J) ^ Lie(J)'^ 

of representations of K which sends the section /3 of Lie(G') to tr(/9(—) o p{l3)). 
Taking the fibre at x and using the above characterisation of the Lie algebra of the 
unipotent radical shows that (117.31) is an isomorphism if and only if the fibres of J 
are reductive. 

We have a commutative square 

H^{X,Ue{J)) (g) H^{X,Ue{J)'^) -^ k 


ii^(X,Lie(J))®ii^(X,Lie(J)) -^ ii^(X,C>x) 

where the top arrow is the canonical pairing, the left arrow is defined using (117.31) , 
the bottom arrow sends a®/? to tr(p(a)op(/3)), and the right arrow is the projection 
onto the residue field. Write 

M = H%iX, J). 

The Lie algebra of M is then 

m = H‘^{X,UeiJ)). 

If n is the kernel of the pairing Q on m defined by the square, we show that 

n = Lie(i?„M). 

The required results will follow, because the left arrow of the square is an isomor¬ 
phism if the fibres of J are reductive. 

Taking fibres at x, we obtain an action of Jx, and hence of M, on Wx- There is 
then a filtration of Wx by M-submodules on whose steps i?„M acts trivially. Given 
a in Lie(i?„M) and /3 in m, it follows that tr(p(a) o p(/3)) is 0 at x, and hence is a 
non-unit in H^{X,Ox)- This proves that Lie{RuM) C n. 

If we equip m with the adjoint action of M and H^{X, Ox) with the trivial action 
of M, then the bottom arrow of the square is an M-homomorphism, because the 
trace of an endomorphism of W is invariant under conjugation by an automorphism 
of W. Thus the pairing Q is an M-homomorphism, so that n is an M-ideal of m, 
and hence is the Lie algebra of a connected normal /c-subgroup N of M. We show 
that every fc-homomorphism 

P '■ Gm M 

which factors through N is trivial. Since by assumption k is algebraically closed, 
this will imply that N is unipotent, and hence that n C Lie(i?„M). 

The A:-homomorphism p is trivial if and only if the homomorphism 

p:G 

mX J 

of group schemes over X that corresponds to it by the universal property of M is 
trivial. The action of J on W defines by composition with p, an action of GmX on 
W, and hence direct sum decomposition of W into Ox-submodules >V„ on which 
GmX acts as the nth power character. Since p factors through N, the image t 
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under ^ of 1 in the Lie algebra k of Gm lies in n. Thus Q{t ® t) = Q. If in 
H^{X, Ox) is the rank of Wn, it then follows from the definition of Q that 

tr(p(t) o p(t)) =^n^dn 

n 

is nilpotent in the finite local fc-algebra H^{X,Ox)- Hence = 0 for n 7 ^ 0, so 
that GmX acts trivially on W. Since J acts faithfully on W, it follows that fl and 
hence /i is trivial. □ 

Let H, K and J be as in Proposition 117.31 Then the canonical morphism from 
H^{X, J) to H%,(X, J) is a monomorphism of /c-schemes and hence the embedding 
of a fc-subgroup. Suppose now that K is minimally reductive over H. Then taking 
V = Lie(J) in Corollary I15.(|t b)] shows that the Lie algebra of H^f^jX. J) is the 
semidirect product of the Lie algebras of J) and J). The more 

precise result that we have a semidirect product decomposition for the fc-groups 
themselves is proved in Theorem 117.51 below. In particular, it follows from Propo¬ 
sition [1731 and Theorem 117.51 that if the fibres of J are reductive then H_^{X, J) 
is a Levi fc-subgroup of H_^{X, J). The proof of Theorem 117.51 is based on the 
characterisation of the /c-points of J) given by Lemma [17. 41 below in the 

case where J = where L is a transitive affine groupoid of finite type over H 
which has a reductive subgroupoid over H. 

Let L be a transitive affine groupoid over H. Then by Lemma [14.91 with K = L 
and fi = /2 the structural morphism of H, we have a group isomorphism 

(17.4) H%iX, ^ Aut®(cci/ff) 

whose composite with the homomorphism that sends a tensor automorphism of 
^LjH to its component at the representation V of L is the homomorphism 

(17.5) 7J^(X,L'^‘"8) ^ Auto^(V)) = Autff(V) 

induced by the action — 7 > Aut^,^ (V) of on V. 

Suppose that H^{X, Ox) is a local /c-algebra with residue field k. If 

Q : ModniX) Mod//(A) 

is the projection, then we have a group homomorphism 

(17.6) Aut®(w/,///) —Aut®((5a;/,///) 
dehned by composition with Q. 

Lemma 17.4. Let L be a transitive ajfine groupoid of finite type over H. Suppose 
that X is geometrically H-connected and that H is L-finite. Then the group of 
k-points of is contained in the kernel of the composite of (117.41) 

with (117.6|) . and coincides with this kernel if L has a reductive subgroupoid over H. 

Proof. Let V be a representation of L. Then the fc-group of automorphisms 

Aut//(V) =S2/(A,Auto,(V)) 

exists, and it is the fc-group of units of the finite fc-algebra 

End//(V) = 
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because the appropriate homomorphisms (jl7.1|) are isomorphisms. The action of 
T^diag y defines a fc-homomorphism 

Vv ■■ ^ Auto,(V)), 

which induces on fc-points the homomorphism (117.51) . Now the kernel Ker((5i;y) 
of Q on Endij(V) is a nilideal, because each of its elements has trace 0. It follows 
that Aut ff (V) has a unipotent fc-subgroup Uy such that 

Lie(;7v) = Ker(Qv.v) = 

and such that the fc-points of U\> are those iJ-automorphism of V lying above 
the identity in Mod//(A). The kernel of the composite of (117.41) with (117.61) then 
consists of those /c-points of which lie in r]v~^iUv) for every V. 

The action of Lie(L‘^'’^s) on V defines a homomorphism of Lie algebras 

hv : 7L^(A,Lie(L‘i-s)) ^ 

which coincides with that induced by /yy. By functoriality of —) we have 

(17.7) ’■"‘iiL^(A,Lie(L'i‘"S)) C /iv-^r^Hg.fA. End.n ._.(VlB. 

Since (A. is unipotent and hence connected, this implies that 

(17.8) C r,v~\Uv). 

The required inclusion of fc-points follows. 

Suppose now that L has a reductive subgroupoid over H. Let V be a faithful 
representation of L, and consider the commutative square (19.31) with V replaced by 
Lie(L'^'‘^®) and V' by End ^p,. (Vl. and / the action of Lie(L'^'‘^®) on V. The action 
/ is a monomorphism in ModL(A), so that is an epimorphism in ModL(A) 
and hence a retraction in Mod//(A). In the top arrow of (19.31) . the homomorphism 
induced by is thus surjective, so that we have equality in (117.71) . Hence we have 
equality in (117.81) . because lyy is an embedding, so that ?7v”^(C^v) is unipotent and 
hence connected. The required equality of fc-points follows. □ 

Theorem 17.5. Let K be a minimal reduetive groupoid over H and J be an affine 
K-group of finite type. Suppose that X is geometrically H-connected and H is 
K-finite. Then 77^(A. J) is the semidirect product of its k-subgroup fl_%{X,J) 
with its normal k-subgroup *'^*^77^(A. J). 

Proof. Replacing A by a quotient through which it acts on J, we may suppose that 
K is of finite type. It is enough to prove the particular case where J = for a 
transitive affine groupoid L over K of finite type: the general case follows by taking 
L = J yix K, because the semidirect product decomposition = J y\x is 

preserved by each of 77^/(A, —), 11.%{X, —) and — ). 

After extending the scalars, we may assume that fc is algebraically closed. It is 
then enough to show that we have a semidirect product decomposition on groups 
of fc-points. We have a commutative diagram 

-> H«(X,L'‘'“) -1 Aut®(Oui,„) 

1 ' 1 ' 

Aut®(wi///) -^ Aut®( ujl/h) 


■> Ant®{QujL/H) 
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where the vertical isomorphisms are of the form (117. 4|1 . the top left arrow is the 
embedding, the top right arrow is the composite of Lemma 117.41 the bottom left 
arrow sends ip to ujx/h^i and the bottom right arrow is (117.61) . The composite of 
the bottom and hence of the top arrows is an isomorphism, because QiOn /h is fully 
faithful by Theorem 115. 4fii)[ Since L has the reductive subgroupoid K over H, the 
required semidirect product decomposition now follows from Lemma 117.41 □ 


18. Pullback of universal and minimal reductive groupoids 

In this section k is a field of characteristic D, X is a non-empty k-scheme, and 
H is a pregroupoid over X. 

In this section we study the behaviour of a universal or minimal reductive 
groupoid K over H under pullback, and under formation of groupoids K Xx X' 
for a Lf-scheme X'. In particular Proposition 118. 5[ which will be needed in Sec- 
tion[20l shows that if X' is Lf-proetale, then under apropriate conditions, K Xx X' 
is universally reductive over H Xx X' if and only if K is universally reductive over 
H. 


Proposition 18.1. Let K be a transitive affine groupoid over H, and X' be a non¬ 
empty scheme over X. Suppose that either H is a transitive groupoid or that the 
structural morphism of X' is fpqc covering. Then K is minimally (resp. univer¬ 
sally) reductive over H if and only if K X[jf] [X'] is minimally (resp. universally) 
reductive over H x [X']. 

Proof. Immediate from the fact that — x [x] [X'] induces an equivalence from ttran- 
sitive affine groupoids over H to transitive affine groupoids over H x [x] [X']. □ 


Call a transitive affine groupoid K over a pregroupoid H almost minimally re¬ 
ductive if K is reductive and any reductive subgroupoid over H oi K contains the 
connected component of Then K is almost minimally reductive over H 

if and only every quotient K" of K of finite type is almost minimally reductive over 
H. Further K is minimally reductive over H if and only if K is almost minimally 
reductive over H and is minimally reductive over H. If X is geometrically 
iL-connected and K' is a transitive affine subgroupoid over H oi K containing 
then K is almost minimally reductive if and only if K' is. 


Lemma 18.2. Let K be a reductive groupoid of finite type over X and K' he a 
reductive subgroupoid of X. Then the following conditions are equivalent. 

(a) = 

(b) There are only finitely many pairwise non-isomorphic irreducible represen¬ 
tations V of K for which H^,{X,V) 0. 


Proof. Replacing A: by a sufficiently large extension k', we may suppose by Lemma [l4.12l 
with X' = Xk' that k is algebraically closed and that X has a fc-point. By 
Lemma [S21 we may further suppose that X = Spec{k). Then K is a reductive 
A:-group G of finite type and K' is a reductive fc-subgroup G' of G. 

The fc-group G acts by left and right translation on the /c-algebra k[G]. Both 
(a)| and m are equivalent to the condition that the fc-algebra k[G]'^ of invariants 
under right translation by G' be finite: for (a) this is so because G/G' is affine, and 
for 1(b) I by the canonical decomposition of k[G] as a (G, G')-bimodule. □ 
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Proposition 18.3. Let H be a as in Theorem 115.41 K be a transitive affine 
groupoid over H, and X' be a finite locally free H-scheme which is non-empty 
and geometrically H-connected. Then K X[x] [^'] almost minimally reductive 
over H Xx X' if and only if K is almost minimally reductive over H. 


Proof. Write H' for H Xx X' and K' for K x [X'\. That K is almost minimally 
reductive over H if K' is almost minimally reductive over H' is clear. 

To prove the converse, we may suppose that K is of hnite type. Replacing K 
by the inverse image of an appropriate subgroupoid of K^t along the projection 
K —^ Ket, we may suppose further that K is minimally reductive over H. We have 

X' = Spec(7^) 

for a hnite locally free il-algebra TZ. If L is a universal reductive groupoid over H, 
there is a surjective morphism of groupoids L ^ K over H, and TZ is isomorphic as 
a representation of to a representation of L. Replacing if by a sufficiently large 
quotient of hnite type of L through which L ^ K factors, we may suppose that TZ 
is isomorphic as a representation of ii to a representation W of K. 

Let K” be a reductive subgroupoid over H' of K', and write W' for the pullback 
of W onto X'. We show that if V' is an irreducible representation of if' with 

TlkffiX',V)^0, 

then V' is a direct summand of 


W' W'"'. 

It will follow that |(b)| and hence |(a)| of Lemma 118.21 is satished with if' and if" for 
if and if', so that if' is almost minimally reductive over ii'. 

There is by Lemma lT^ a representation V of if with pullback onto X' isomorphic 
to V'. By hypothesis, V' has as a representation of if" and hence as a representation 
of ii' the direct summand Ox' ■ Thus by the equivalence (j8.6|) , TZ ®Ox ^ as a 
representation of (ii, TZ) and hence as a representation of H the direct summand 
TZ. By Proposition 115.31 and (c) of Corollary 115.61 the representation >V (SiOx ^ 
of if has thus the direct summand W and hence the representation W' ^Ox' 
of if' has the direct summand >V'. Since V' is irreducible, it is therefore a direct 


summand of W' ®Ox' 


'/V 


□ 


Proposition 18.4. Let H be as in Theorem Wb .AT K be a transitive affine groupoid 
over H, and X' be a non-empty geometrically H-connected K-scheme. Suppose 
that one of the following conditions holds. 

(a) X' is a finite etale K-scheme. 

(b) X is quasi-compact and X' is a K-proetale K-scheme. 

Then if Xx X' is minimally reductive over H Xx X' if and only if K is minimally 
reductive over H. 


Proof. Write H' and if' for ii Xx X' and if Xx X'. Clearly if' is reductive if and 
only if if is. Suppose that if' is minimally reductive over ii'. If L is a reductive 
subgroupoid of if over ii, then L Xx -f' is a reductive subgroupoid of if' over 
ii'. Hence L Xx X' = K', so that L = K because X' —>■ if is an fpqc covering 
morphism. Thus if is minimally reductive over H. 

Conversely suppose that if is minimally reductive over H. To prove that if' is 
minimally reductive over ii', write X' = Spec(7f) for a if-algebra TZ. If |( a) [holds. 
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TZ is finite etale. If |(b)| holds, TZ is the colimit of a filtered system {TZx)\ga of 
finite etale itT-algebras, and we may assume by Lemma [9.31 that TZ is faithfully flat 
over each TZ\. The fc-algebras H^{X,TZ) and H^{X,TZ\) are henselian local with 
residue field k. 

By[(l of Corollary 115.61 and the equivalence (18.61) , it is enough to show that 
(18.1) H%,{X',V) = ’^‘^‘^H°h,{X',V)®H°i^,{X',V) 


for every representation V of {K,TZ). If (a) holds, this is clear from [(b)] of Corol¬ 
lary [TSil] and Proposition 19.21 

Assume m By the equivalence (j8.8ll and Lemma 114.121 it is enough to prove 
(118.11) for V of the form TZ ®Ox with Vo a representation of AT. By (18.6p and 
the definition of as the kernel of a pairing (lOl) . it is the same to prove that 
H^{X,TZ ®Ox ^o) is the direct sum of H^{X,TZ ®Ox '^’o) and the kernel on the 
right of the pairing 


YioTo.H^TiiJZ ®Ox Vo, 7?.) ®k H^[X,TZ (^Ox Vo) Hh{X,TZ) k 


with the first arrow given by composition and the second by projection onto the 
residue field. By the case where [(ajj holds we have such a direct sum decomposition 
with TZ replaced by TZ\. It thus suffices to apply Lemma 1^31 □ 


Suppose that X is geometrically iL-connected. Then by Proposition 110.21 the 
category of proetale groupoids up to H has an initial object nn^etiX). Let K 
be a universal reductive groupoid over H. Then AT/AT™" and TTH,et{X) are both 
initial in the category of proetale groupoids over H up to conjugacy, so that they 
are isomorphic over H. It follows that there is a unique morphism from AT over 
H to any proetale groupoid over H, and that AT —)• TTH,et{X) factors through an 
isomorphism 

(18.2) K/K^°^ 

By Lemma |10.(jlii)[ restriction from K to H thus defines an equivalence from the 
category of AT-proetale AT-schemes to the category of iL-proetale iL-schemes. 

Proposition 18.5. Let H be as in T/ieorem 115.41 K be a transitive ajfine groupoid 
over H, and X' be a non-empty geometrically H-connected K-scheme. Suppose 
that one of the following conditions holds. 

(a) X' a is finite etale K-seheme. 

(b) X is guasi-compact and guasi-separated, iL[i] is quasi-compact, and X' is 
a K-proetale K-scheme. 

Then K Xx X' is universally reductive over H Xx X' if and only if K is universally 
reduetive over H. 

Proof. By |(c)| of Corollary [153] and Proposition ll8.41 it suffices to apply Lemma iTTl 
with H' = K. □ 


Remark 18.6. It is possible to deduce Proposition ll8.51 in the case where [(a)] holds 
directly from the universal property, using a suitable notion of Weil restriction for 
groupoids. This does not require any condition on H^{X,Ox). However it is 
not clear how to pass from this case to that where X' is an arbitrary filtered 
limit of finite etale iL-schemes. It is also possible to deduce Proposition 118.41 from 
Proposition 118..11 
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li p X' ^ X is a quasi-compact quasi-separated morphism with pt:Ox' = Ox, 
then the pullback of p along any flat morphism is schematically dominant. For such 
a p, the condition on H in Proposition 118.71 below is thus satisfied for any H over 
X for which one of the structural morphisms i7[i] —>■ X is flat. 

Proposition 18.7. Let K be a transitive affine groupoid over H, and X' be a 
non-empty H-scheme with structural morphism p : X' ^ X. Suppose that Ox = 
p*Ox' and that the pullbacks of p along the di : i7[i] —> X factor though no closed 
subscheme of iJqj other than Up]. Then pullback along [p] induces a bijection 
between from the set of reductive subgroupoids of K over H to the set of reductive 
subgroupoids of K X[jf] {X'] over H Xx X'. 

Proof. Write H' for Xx X' and K' for K X[x] l^'], and let L' be a reductive 
subgroupoid of K' over H'. It is to be shown that 

(18.3) L’= L x^x][X'] C K’ 

for a reductive subgroupoid L over H of K. The quotient K' jL' exists and is a 
transitive affine iF'-scheme, because L' is reductive. We then have 

K'/L' = Z XxX' 

for a transitive affine itl-scheme Z. Since the base cross-section of K'fL' is an 
i7'-morphism, its component s' : X' —^ Z at Z is an il-morphism. There is a 
unique cross section s of Z over X such that s' factors as 

X'^x^z, 

because Ox = p*Ox'. Then (118. 3p holds with L the stabiliser Kg of s. It remains 
to show that s is an il-morphism, so that Kg is a subgroupoid over H of K. 

The condition for s to be an 7J-morphism is that the composite a of Up] x^^ x s 
with the isomorphism over Ujj^] defining the U-structure of Z should coincide with 
b = U[i] Xdo,x s. Since p and sop are U-morphisms, the composites of U[i] Xdi,xP 
with a and b coincide. Thus a and b coincide, because their equaliser is a closed 
subscheme of Ujij through which Ujij Xd^,xP factors. □ 

Corollary 18.8. For H, K and X' as in Proposition 118.71 K is minimally reduc¬ 
tive over H if and only if K Xjx] [X'] is minimally reductive over H Xx X'. 

Proof. Immediate from the Proposition. □ 

19. Curves of genus 0 

In this section k is afield of characteristic 0 and k is an algebraic closure ofk. 

In this section we describe explicitly principal bundles with reductive structure 
group over a smooth projective curve X over k of genus 0. The study of such bundles 
is reduced by Theorem ll9.1l below to the study of the universal groupoid 7rniuit(X) of 
multiplicative type of Section [TOl The main result is Theorem 119.31 Theorem 119.21 
is the well-known algebraic version of Grothendieck’s original classication over the 
Riemann sphere. 

Throughout this section, we suppose that X is a fc-scheme which satisfies the 
following condition: it is reduced, quasi-compact and quasi-separated, with 

(19.1) H°{X,Ox) = k. 
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This condition is stable under extension of scalars. It is also stable under passage 
to geometrically connected proetale covers of X, because if X' is finite etale over 
X, then by the Cayley-Hamilton theorem any element of H^{X\ Ox') is finite over 

k. 

We begin by developing the properties of the groupoid 7rmuit(W) that will be 
required. It will be convenient to consider at the same time the groupoids TTgt^X) 
and 7retm(^), which will be required for the next section. 

By Proposition llO. 21 fresp. 110.51 resp ll0.4l) an initial object exists in the category 
of proetale groupoids (resp. groupoids of multiplicative type, resp. groupoids of 
proetale by multiplicative type) over X. We write it as iTetiX) (resp. 7rmuit(X), 
resp. TT^tm)-^)). Each of 'K 4 ,t{X), Timuit)-^) and 7r4tm(W) is functorial in X in the 
sense that for example given f : X -i- X' there is a unique fit such that 

if Jit) : iX,Tr,tiX)) ^ iX',7r,tiX')) 

is a morphism of groupoids in fc-schemes, by the universal property of 7r^t(W) ap¬ 
plied to the pullback of 7ret(^0 onto X. Further 7ret(^) coincides with (7retm(W))et 
and 7ri„uit(-^) with (7r4tm(-^))muit- A universal reductive groupoid L over X exists 
by Theorem n 5. 4Fi)| and 7ret(A), 7ri„uit(A) and 7retm(A) coincide with Let, Lmuit 
and Letm- 

By Corollarv ll5.181 formation of 7ret(A), 7rmuit(A) and 7retm(W) commutes with 
algebraic extension of scalars. Let X' be a proetale cover of X. By Lemma llO.(|lii)[ 
X' has a unique structure of (A(-scheme and hence of 7r4tm(A')-scheme. If X' is 
geometrically connected, then 

(19.2) 7retm(A') = TT^tJX) Xx X', 

by Proposition 118.51 

Theorem 19.1. Let X be a smooth geometrically connected projective curve of 
genus 0 over k. Then 7rniuit(W) is universally reductive over X. 

Proof. By Corollary 115.161 we may suppose that k is algebraically closed. The 
indecomposable representations of 7rmuit(A) are then those of rank 1, and passage to 
the underlying line bundle defines an isomorphism from the group of isomorphism 
classes such representations to Pic(X). Condition |(b)| of Corollary 115.51 is thus 
satisfied, because the indecomposable vector bundles over X are those of rank 

l . □ 


Let X be a /c-point of X. Given an affine fc-group G, we denote by 

H\X,x,G) 

the set of isomorphism classes of pairs {P,p) with P a principal G-bundle over X 
and p a fc-point of P above x. It is pointed set which is contravariant in (X, x) 
and covariant in G. The functor H^{X,x,—) does not in general factor through 
the category of affine fc-groups up to conjugacy: the action of G{k) on H^{X, x, G) 
through its action by conjugation on G, or equivalently by shifting the fc-point p of 
P, is in general non-trivial. Discarding p defines a bijection 

(19.3) H\X,x,G)/G{k) ^ H^{X,x,G) 

onto the subset of iJ^(X, G) consisting of the [P] with P trivial above x. When G 
is commutative, G{k) acts trivially and H^{X,x,G) and H^{X,x,G) coincide. We 



















have 

(19.4) 
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H\X,x,G^) = H\X,x,Gm) = H\X,Gm). 

by Hilbert’s Theorem 90, and similarly with replaced by G^. 

We write 7ra(X, x), 7rmuit(-^, x) and 7retm(-^, x) for the respective fibres '!retiX)x^x, 
7rmuit(-’f and TretmiX)x,x above the diagonal. The fc-groups net{X, x), 7ri„uit(-’f, x) 
and 7retm(-^, 2 ^) are functorial in {X,x), because 7ra(X), 7rinuit(-^) and 7retm(-^) are 
functorial in X. Since 7rniuit(-^) is a commutative groupoid, its diagonal is constant, 
so that 7rmuit(-^, x) is independent of x. By Corollarv ll5.181 formation of 7r^t(X, x), 
Tumult (^5 2 :) and ‘n^fm{X,x), commutes with algebraic extension of scalars. 

By the equivalence (15.51) and the isomorphism (15.61) . the triple 

('^etm(^5 x)-i 7retm(^) —,a:5 lx) 

is initial in the category of fc-pointed principal bundles over (X, x) under a fc-group 
of proetale by multiplicative type. Thus the functor H^{X,x,—) on /c-groups of 
proetale by multiplicative type is represented by 7 retm (-^5 2 :), with the universal 
element in {X, x, TT 4 ,tniiX, x)) the class of (7retm(-^)-,x, lx)- 

The morphisms of fc-groups 7 retm(-^, 2 :) defined by functoriality are those com¬ 
patible with the universal elements, so that given a morphism / from (X.x) to 
{X',x'), we have a commutative square 

Homfe(7retm(-’f',2;'),G) — H^{X',x',G) 

Homfc( 7 retm(-^, 2 ;),G) — H^{X,x,G) 

for G of proetale by multiplicative type, where the horizontal arrows are the natural 
bijections defined by the universal elements. 

There are similar universal properties for TTgt (X, x) and Tr^uit (X, x). The uni¬ 
versal elements in H^{X,x,'Ket{X,x)) and H^{X,x,'iTma\t{X,x)) are the images of 
the universal element in H^{X,x,'iT 4 ,tm{X,x)), and the analogues (119.51) hold. 

The /c-pointed geometric universal cover {X,x) of (^, 2 ;) may be identified with 
(7ret(-^)-,x) lx)- It is functorisl in [X, x), and its formation commutes with algebraic 
extension of scalars. Taking X for X' in (119.21) shows that we have a short exact 
sequence of fc-groups 

(19.6) 1 y 7rmult(^i2^) t TT^f^xci^X^ x') ^ 7ret(.^, 2 ^) t 1, 

functorial in {X,x), with 7retm(^)2?) = 7J‘muit(-^j;?) connected because X is geo¬ 
metrically simply connected. 

For G a fc-group of proetale by multiplicative type, we have by the universal 
property of 'n^tm{X,x) and the compatibility of 7retm(-^) with algebraic extension 
of scalars a canonical bijection 

1 (X, X, G) A Ffi (X^, X, 

with X the fc-point of X-j^ defined by x. When G = 7 retm(X, x), this bijection respects 
the universal elements. The bijection becomes 

H^{X, X, G) ^ H\X^, g_)Gal(fe//c) 

for G of multiplicative type. 


(19.5) 


Homfe(/.,G) 
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Let M be a Galois module, i.e. an abelian group with a continuous action of 
Gal(fc/fc). We write 

D{M) 

for the fc-group of multiplicative type with Galois module of characters M, and 

X/i : D{M)j -)• (Gm)fc 

for the character corresponding to /i € M. 

By the universal property of x), the compatibility of 7ri„uit(-^) with alge¬ 

braic extension of scalars, and (119.41) . the Galois module of characters of TTmuitl-’f, x) 
is 

We then have 

7rmuit(^,a;) = D{Pic{X^)) 

with the universal element in D(Pic{X-^))) uniquely determined by the 

condition that its image under the homomorphism to (Gm,)^) defined by 

Xm is M- 

The assignment to every line bundle of its degree identifies Pic(P^) with the 
trivial Galois module Z. Thus 

7rmult(P”,a;) = Gm 

for every n and /c-point x of P". By (119.4L we have 

H\P^,x, G„) = HHP'^,x, G„) = iLi(P", G,„) = Z, 
with the universal element of degree 1. 

Theorem 19.2. Let x be a k-point o/P^. Then the functor H^(P^,x,—) on 
reductive k-groups up to conjugacy is represented by Gm, with universal element in 

H\P\x,Gm) = H\P\Gm) = Z 

the class of degree 1. 

Proof. With the identification 7rmuit(P^, = Gm, a principal Gm-bundle P over X 
of degree 1 is isomorphic to 7rinuit(P^)-,a:- Thus by dSH), IsO r^ (P) is isomorphic 
to 7rniuit(P^), and hence by Theorem 119.11 is universally reductive over P^. The 
result now follows from Lemma 116.31 □ 

We continue to assume that (119.111 and the other conditions on X hold, but we 
no longer assume that X has a fc-point. In that case 7ri„uit(^) need not arise from a 
principal bundle under an affine fc-group, and it is necessary to consider groupoids 
over k and Galois extended fc-groups. Before doing this, it will convenient to recall 
first some definitions concerning continuous cohomology groups. 

Let M be a topological group and iV be a topological group with an action of M 
(by group automorphisms). Write H^{M,N) for the subgroup of N of invariants 
under M, and H^{M, N) for the pointed set of orbits under the action by conjuga¬ 
tion of N of the set of sections M —>• iV xi M of topological groups to the projection 
onto M. Both H^{M,N) and P[^{M,N) are functorial in N. When M is profinite 
and N is discrete, P[°{M, N) is the usual group and H^{M, N) is the usual pointed 
set. 

Let N and N' be topological groups. We write £{N,N') for the set of isomor¬ 
phism classes of extensions of iV by A^'. Given an extension E' of N by N' and an 
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isomorphism i : N' ^ N" of topological groups, a pair consisting of an extension 
E" of N by N" and an isomorphism from E' to E" with component the In sX N and 
i at N' is unique up to unique isomorphism. Thus i induces a map from £{N,N') 
to £{N, N"), which sends the class of E' to the class of E". If N" = N' and i is an 
inner automorphism of then the map induced by i is the identity. Thus we have 
a functor £{N^ —) on the category of topological groups and isomorphisms between 
them up to conjugacy. 

Let M be a topological group and be a commutative topological group with 
an action of M. Write H^{M, N) for the subset of£{M, N) consisting of the classes 
of those extensions for which the action on N through M by conjugation coincides 
with the given action. The set E['^{M,N) is functorial in N, with f : N ^ N' 
inducing the map that sends the class of E to the class of the quotient of A^' xi ill by 
N embedded as the set of {f{n)~^,n). Further —) preserves finite products, 

so that H'^{M,N) is an abelian group. When M is profinite and N is discrete and 
commutative, the abelian group H'^{M,N) reduces to the usual one. 

Given a short exact sequence 

(19.7) 1 ^ N' ^ N -)■ N" ^ 1 

of topological groups with an action of M, we define as follows a long exact coho¬ 
mology sequence 

(19.8) 1 ^ H°{M, N') H°{M, N) H°{M, N") 

H\M,N') H\M,N) H\M,N") £{M,N')/N”, 

where N" acts on £{M,N') through its action on N' by automorphisms up to 
conjugacy, and the distinguished point of £{M, N')/N" is the class of N' x M. The 
image of n" in N" fixed by M under connecting map 

is defined by choosing an n in A^ above n" and taking the class of the section 
m I—>■ c(m)m, where the action of m on A1 sends n to nc{m). The image of the class 
of the section s under the connecting map 

(M, N") £{M, N')/N" 

is the class of the pullback along s : M ^ N" x M of the extension 

(19.9) 1 ^ Af' ^ AT X M ^ Af" X M 1. 

The other maps in (119.81) are defined by functoriality. The long exact sequence 
(119.81) is functorial for those morphisms from the short exact sequence (119.71) which 
are the isomorphisms on N'. When N' is central in N, the action of N' on £{M, N') 
is trivial, and the pointed set £{M, N')/N" in (119.81) may be replaced by its pointed 
subset E[^{M, N'). When M is profinite, N, N' and N" are discrete, and N' is 
central, (119. 8p with £{M, N')/N" replaced by E['^{M, N') reduces to the usual long 
exact sequence. 

Let G be a fc-group of multiplicative type. By the universal property of 7ri„uit(A'), 
discarding the action of 7r„iuit(Ar) defines an isomorphism from the category of 
principal (7rniuit(Al), G)-bundles over X to the category of principal G-bundles over 
X, and hence a natural bijection 
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If k is algebraically closed, it follows from this and Lemma 17.51 that the functor 
H^{X, —) on fc-groups of multiplicative type is representable. The representability 
in this case can also be deduced directly from the represesentable functor theorem, 
using the fact that by Lemma lll.l|li)| and the exact cohomology sequence, H^{X, —) 
is left exact. 

Let M be a Galois submodule of Pic(Xjr). By the representability of H^{X-^, —) 
on fc-groups of multiplicative type, there is a unique 

such that the push forward of r along is ^ for every /i in M. We call r the tauto¬ 
logical element. For M' a Galois submodule of M, the projection from D{M)-^ onto 
D[M')-^ respects the tautological elements. The functor H^{Xj,—) on A:-groups 
of multiplicative type is represented by D{Pic{X-j^))j with universal element the 
tautological element. 

For any Galois submodule M of Pic(X^), the tautological element of H^{Xj, D{M)j) 
is hxed by the action of Gal(fc/fc) through k. 

The action of Ga\{k/k) on the set G{k) of fc-points of an affine fc-group G through 
its action on k will be called the standard action. It is continuous for the Krull 
topology on G{k). The cohomology sets 

Lr"(Gal(fc/fc),G(fc)) 

for n = 0,1, and when G is commutative for n = 2, will be understood to be 
those for which the action of Gal(A:/fc) on G{k) is standard. Similarly when G is 
commutative, extensions of GaXik/k) by G{k) will be understood to those for which 
the action of Ga\(k/k) is standard. 

Let F" be a commutative transitive affine groupoid over k. Then the F’-scheme 
^diag jg constant, with 

^diag ^ Z{F)-i:. 

The action of Gal(A:/fc) defined by the extension F{k)-^ of Gal(fc/fc) by 

F^'^-^{k)j=Z{F){k) 

can be seen as follows to be the standard action. By (jll.3l) . conjugation by v in 
F{k)-j: above a in Gal(fc/fc) sends d in F‘^^^^{k)-^ to 

V o^do v~^, 

where o denotes the composition and the inverse in the groupoid F. On the 
other hand a acting on Z{F)(k) through k sends d to the A:-point over k of the 
constant scheme corresponding to the F-point °'d over a. Again this is the 

conjugate in F of ‘^d by any v above a. 

Let G be a commutative affine fc-group. If F" is a commutative transitive affine 
groupoid over fc and 

J : G ^ Z{F) 

be an isomorphism of fc-groups, then the push forward of the extension F{k)-f: of 
Gal(fc/fc) by F'^*®'S(fc)'jr along the topological isomorphism from to G(fc) 

induced by j~^ is by the above a topological extension of Gal(fc/fc) by G(fc). By 
Proposition 111.41 we obtain in this way an equivalence from the category of pairs 
{F,j) to the category topological extensions of Gal(fc/fc) by G(fc). Indeed the 
essential surjectivity follows because a fc-homomorphism G-^ —>■ G'^r descends to fc 
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provided that the induced homomorphism G{k) —>• G'(k) commutes with the action 
of Gal(/c/fc). In particular, by assigning to {F.j) the class 

[FJ]&H\G^l(k/k),G(k)) 

of its corresponding extension, we obtain a bijection from the set of isomorphism 
classes of pairs (-F,j) to F['^{G&\{k/k),G{k)). 

Let G be a commutative affine fc-group and P be a principal G^-bundle over X-^. 
Given a pair (P, j) as above, a right action of P on P over X will be said to be 
compatible with j if its restriction to coincides modulo j-^ with the given action 
of G-^ on P. The right action action then defines a structure of principal P-bundle 
over X on P. A pair (P, j) with a right action of P on P over X compatible with 
j can exist only if 

(19.10) [P] G 

This follows from Lemma 111.31 because if Pq and Pi are the pullbacks of P along 
two fc-points So and si of Spec(A:), then any fc-point of P above (so,si) defines an 
isomorphism of principal G^bundles from Pq to Pi. 

Suppose now that (119.101) holds. It can be seen as follows that there exists a 
transitive affine groupoid Ip over k/k whose points in a fc-scheme S above (sq, si) 
are the isomorphisms from Pg^ to Pg^ of principal Gg-bundles over Xs- Writing G 
as the limit of its fc-quotients of finite type, we reduce to the case where G is of 
finite type. There is then a finite Galois subextension fci of k such that P is the 
pullback of a principal Gfe^-bundle over Xk-^. Factoring through 

r = Spec(fc) Xfe Spec(A:) —)• Spec(fci) Spec(fci) 

and using the fact that [P] is fixed by Gal(A:/fc) then shows that the pullbacks of P 
onto T along the two projections are isomorphic as principal Gp-bundles over Ar. 
Ghoosing an isomorphism and using (119.11) and the finiteness conditions on X now 
shows that Ip exists and is isomorphic as a scheme over T to Gr- 

The action of G^r on P induces a fc-isomorphism G^ ^ so that Ip is 

commutative. The /c-isomorphism descends to a fc-isomorphism 

ip-.G^ Z{Ip). 

We have a canonical right action of /p°P on P over X, which is compatible with 
ip. By construction, an action of (P, j) on P over X which is compatible with j is 
the same as an isomorphism, from (P, j) to (/p°P,jp). An isomorphism from P to 
P' of principal G^-bundles over defines in an evident way an isomorphism from 
{Ip, ip) to {Ipi,ip'). 

It follows from the above that if (119.10|) holds, then pairs {F,j) exist for which 
there is a right action of P on P over A compatible with j, and any two of them 
are isomorphic: they are the ones isomorphic to {Ip°^,ip). We thus have a map 

(19.11) ^ H‘^{Gal(k/k), G{k)) 

which sends the class of P to [F,j], where (P, j) is such that there is a right action of 
F on P over A compatible with j. It is natural in G, and hence a homomorphism of 
abelian groups. When G is of finite type, (119.11|) is a differential in the Hochschild- 
Serre spectral sequence. 

The fibre of (119.111) above [P, j] is the image of the map 

(19.12) Il\X,F) pi(Afc,G^)®’"‘(^/'=) 
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obtained by restricting to the action of the diagonal of F and then along jj. The 
group H^{k, G) of automorphisms of {F,j) up to conjugacy acts freely on H^{X, F), 
with orbits the fibres of (119.121) . The action is free because by (119.11) and the 
finiteness condition on X, any automorphism of a principal G^r-bundle over Xj is 
induced by a fc-point of G. Equivalently, by (111.171) with F[ = X, the fibre of 
(119.111) above the class of E is the image of the map 

(19.13) H\X,G^,E) ^ 

obtained by discarding the action of E. The group i7^(Gal(fc/fc), G(fc)) of auto¬ 
morphisms of the extension E up to conjugacy acts freely on F{^{X,G-j^, E), with 
orbits the fibres of (119.13|) . 

Suppose now that X is a Severi-Brauer variety over k of dimension n. Fix an 
isomorphism of fc-schemes 

With the standard action of PGLn+i on P", we have a morphism 

(19.14) [k] ^ (PGL„+i)[^] 

of groupoids over k which sends the point (so,si) in a ^-scheme S to the point 
of PGLn+i in S that acts as the automorphism isg~^ o of P”s over S. The 
corresponding homomorphism 

Ga\(k/k) PGL„+i(fc) XI Ga\(k/k) 

sends cr to the A:-point of PGLn+i that acts as the automorphism of P\ over k 
given by composing the pullback of i along a with i~^. Its class in 

H\Gal(k/k),PGLn+i(k)) 

is that of the principal PGL„+i-bundle Iso,,fP". X) over k. 

The pullback of (119.141) along the constant morphism 

(GL„+i)j^] ^ {PGL 

of groupoids over k is the embedding of a commutative transitive affine subgroupoid 
P of (GL„+i)j^j over k. The embedding into GL„+i of its centre then defines 
an isomorphism j from Gm to Z{E). The class 

[EJ] e H‘^{Gal(k/k),Gm(k)) = H^{Ga\(k/k),k*) 

is the image under connecting map associated to the short exact sequence 
1 Gm GLn+l —>■ PGLn+l —>■ 1 

of the class of IsOi.fP”,X). It is thus the class in the Brauer group of k of the 
Severi-Brauer variety X over k. 

Write Q for the affine space with the origin removed. There is a canonical 
projection from Q to P", and the standard linear action of GL^+i on induces 

an action on Q above the action of PGLn+i on P". The action of Gm on Q for 
which g acts as the homothety g~^ defines on Q a structure of principal Gm-bundle 
over X of degree 1, whose associated line bundle is Q completed with the hyperplane 
at infinity as zero section. 
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Let P be a principal Gmir-bundle over X-j^ of degree 1. It can be seen as follows 
that with {F,j) as above there exists a right action of P on P over X compatible 
with j. We may suppose that P = Q-^ with structural morphism 




k' 


The action of GLn+i on Q defines an action of {GLn+i)^ on Q-^. Restricting to 
P, we obtain an action of P on Q-^ above the trivial action on X-^:. It defines a 
right action of P°p on over X compatible with —j. Since the inverse involution 
of P defines an isomorphism from (P°p, — j) to {F,j), this gives the required right 
action of P. 

The degree defines an isomorphism from Pic(Xj:) to the trivial Galois module 
Z. Thus 


P»(Pic(X^)) = Gm, 

with the tautological class in H^lX-j:, (Gm)fc) the class of a principal (Gm)fc-bundle 
over Xj of degree I. It follows that with G = Gm in (jl9.III) . the image of the 
tautological class in the Brauer group of k is the class of the Severi-Brauer variety 
X. Let P be a topological extension of Gal(fc/fc) by k* with class in the Brauer 
Group of k that of X. Then since H^{k, Gm) is trivial By Hilbert’s Theorem 90, 
the map (119.1311 with G = Gm is injective, so that there is a unique elemement in 
pl(X,(Gm)fc, P) whose image in F[^{X^, (Glm)fc) is of degree 1. 


Theorem 19.3. Let X be a smooth geometrically connected projective curve of 
genus 0 over k, and E be a topological extension of Gal(k/k) by k* with class in the 
Brauer group F{^{Ga\{k/k), k*) of k that of X. Then there exists a unique element 
a o/P^(X, (Gm)fe, P) with image under 

H\X, (Gm)fc,P) ^ H\X^, (Gmk) = Z 

of degree 1. The functor F[^{X, —, —) on reductive Galois extended k-groups up to 
conjugacy is represented by {{Gm)^, E) with universal element a. 


Proof. The existence and uniqueness of a have been seen above. To prove the 
representation statement, we reduce by Corollary 116.161 to the case where k = k is 
algebraically closed. In that case X has a Ppoint x and H^{X, —) = H^{X, x, —), 
so that the result follows from Theorem 1 19.2 1 □ 


20. Curves of genus 1 

In this section k is a field of characteristic 0 and k is an algebraic closure of k. 

In this section we describe principal bundles with reductive structure group over 
a curve X over k of genus 1. The study of such bundles is reduced by Theorem 1 19. II 
below to the study of the universal groupoid 7r4tm(-^) of proetale by multiplicative 
type of Section [TUI The main results are Theorem 120.71 which deals with the case 
where X has a fc-point, and Theorem l20.81 which deals with the general case. 

Lemma 20.1. Let X be a geometrically connected proetale cover of a smooth pro¬ 
jective curve of genus 1 over k. Then H^{X,Ox) is 1-dimensional over k. 

Proof. We may write X as the filtered limit of geometrically connected finite etale 
covers Xx of a smooth projective curve Xq of genus 1 over k. If Xx is the spectrum 
of the Oxo-algebra TZx, then H^{X,Ox) is the colimit of the filtered system of 
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l-dimensional A:-vector spaces Since by Lemina l9.]]l'ii)| the transition 

homomorphisms are injective, the result follows. □ 

Lemma 20.2. Let X he a geometrically connected proetale cover of a smooth pro¬ 
jective curve of genus 1 over k. Then non-split extensions of Ox by Ox exist, and 
any two of them are isomorphic as Ox-'modules. If £ is such a non-split extension, 
then every symmetric power S^£ of £ is indecomposable. 

Proof. The existence and uniqueness statements follow from Lemma l20.II 

To prove that S^£ is indecomposable for r = 1, suppose the contrary. Then £ is 
the direct sum of line bundles £' and £". We may assume H^{X, £''^) is 0, because 
£'^ is a non-split extension of Ox by Ox and hence H^{X, £'^) is 1-dimensional. The 
epimorphism from £ to Ox then induces an epimorphism and hence an isomorphism 
from £" to Ox- Thus £ is isomorphic to O)^, which is impossible. 

To prove that S'^£ is indecomposable for arbitrary r, we may suppose that k 
is algebraically closed and that X is simply connected. It then suffices to use the 
example in Remark 115.71 □ 

We denote by no the multiplication by the integer n on a commutative group 
scheme G over k. Let X be an abelian variety over k, with base point x. We obtain 
a fc-pointed geometric universal cover {X,x) of {X,x) by taking the filtered limit 
of copies of X indexed by the integers, with transition morphisms the nx. Since 
Pic(X|:) is the colimit of copies of Pic(X^), with nx acting as n on Pic°(X'j:) and 
as on NS{X-j^), the group Pic(Xjr) is uniquely divisible, and the homomorphism 
from Pic(Xj:) to Pic(Xj:) induces an isomorphism 

(20.1) Pic(W^)Q ^ Pic(%) 

of Galois modules. 

Lemma 20.3. Suppose that k is algebraically closed. Let X be a simply connected 
proetale cover of an elliptic curve over k, and £ he a non-split extension of Ox by 
Ox ■ Then any indecomposable vector bundle over X rank r -\- 1 is isomorphic to 
C ®Ox ® ^me bundle C over X, determined uniquely up to isomorphism. 

Proof. Let V be an indecomposable vector bundle over X of rank r -|- 1. If a line 
bundle C over X with 

V^jC iS)Ox S''£ 

exists, it is is unique by (120.IL because (’’+!) must be isomorphic to the deter¬ 
minant of V. To prove that C exists, we may suppose by ()20.1|1 that V has trivial 
determinant. There is an elliptic curve Xq over k such that V and £ are the pullback 
along a morphism X —>■ Xq of a vector bundle Vo over Xq and a non-split extension 
£q of Oxq by Oxq. Then Vq is indecomposable, with determinant of degree 0 by 
(120.1|) . By Lemma 120.21 and [Ati571 Theorem 5], Vo is isomorphic to Cq ^Oxg S''£q 
for a line bundle Cq over Xq. □ 

Theorem 20.4. Let X be a geometrically connected proetale cover of a smooth pro¬ 
jective curve of genus 1 over k, and P be the push forward along an embedding Ga —>• 
SL 2 of a non-trivial principal Ga-bundle over X. Then 7retm(A') X[x] 1sosl-2{.P) *5 
universally reductive over X. 
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Proof. We reduce first using Corollary 115.161 to the case where k is algebraically 
closed and then using Proposition 118.51 to the case where X is simply connected. 
Then 7rain(X) coincides with 7rmuit(-^), and it is to be shown that 

K = 7rniult(-^) X[X] IsOSL2(P) 

is universally reductive over X. Restricting to a fc-point of X and using Lemma l3.2l 
shows that the indecomposable representations of K are the tensor products of 
those of 7rmuit(-^) with those of 1sosl2{P)- The indecomposable representations of 
'Tmuit(-^) are those of rank 1, and passage to the underlying Ojv-module defines an 
isomorphism from the group of isomorphism classes such representations to Pic(X). 
If V is the standard representation oi SL 2 , then the indecomposable representations 
of Iso 5 i 2 (P) are the symmetric powers oiPx'^V, which has underlying O^-module 
a non-trivial extension of Ox by Ox■ By Lemmas 120.21 and 120.31 condition |(b)| of 
Corollarv ll5.5l is thus satisfied. □ 

Let X be an abelian variety over k with base point x. Then for any fc-point y of 
X, there is a unique translation automorphism Ty of the fc-scheme X which sends 
X to y. By functoriality of n^tmiX, x) in the pointed fc-scheme {X, x), we may thus 
identify the fibres 7retm(-^)2/) of the diagonal of 7retm(-^) with TTetm a;). 

The fc-pointed geometric universal cover {X,x) of {X,x) is a limit of copies of 
{X, x). Thus we may regard X as a commutative /c-group with identity x. The 
projection then defines a short exact sequence of commutative fc-groups 

1 —>■ lim Ker nx —>■ X —>■ X —>■ 1 

n 

which is functorial in X. It follows that 

(20.2) TTet (X, x) = lim Ker njv 

n 

is commutative. Passing to topological Galois modules of fc-points, we have 

TTet{X,x){k) = limX(fc)„ 

n 

where the subscript n denotes the subgroup of elements annulled by n. 

Since 7ret(X, x) is commutative, it is a fc-quotient of Timuita;) = Il(Pic(X-jr)). 
The projection factors through an isomorphism 

(20.3) i:>(Pic(X^)tors) ^ 7ret(X,x), 

defined by the property that it sends the tautological element to the class of the 
pointed principal Tiet(X, x)-bundle (X,x). On Galois modules of characters, (120.31) 
induces the isomorphism that sends the character y of Tiet (X, x) over k to the 
element of Pic(X^)tors given by pushing forward along y the class of X-^. 

We may identify 7r^tm(X,x) = 7rmuit(X,x) with L)(Pic(X-j:)Q) using (120.11) . The 
embedding of (119.61) then becomes 

(20.4) Z4(Pic(X^)Q) ^ ^etm(X, x). 

The projection from 7r,5tm(X,x) onto 7rniuit(X, x) is 

(20.5) ^etm(X, X) ^ i^(Pic(X^)). 

Both (120.41) and (120.51) are natural in the abelian variety X. The composite of 
(120. 4|) with (120.51) is the fc-homomorphism induced by the canonical homomorphism 
from Pic(X|:) to Pic(X|:)Q. Gonjugation by a point of 7retm(^)a;) thus induces the 
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identity on £)(Pic(X|r)Q) because it induces the identity on Z3(Pic(X|:)). It follows 
that (j20.4|l is the embedding of a central fc-subgroup. 

Let M be a Galois submodule of Pic(X^) containing Pic(X|:)tors- Then for a 
quotient M' of Pic(X^)Q we have a short exact sequence of Galois modules 

0 ^ M ^ Pic(^fc)Q M' ^0. 

We obtain from (119.61) using (120. 3p a central extension of fc-groups 

(20.6) 1 ^ D{M') ^ x) ^ D{M) ^ 1, 

where the first arrow is the restriction of ()20.4p to D{M'), and the second is (120.51) 
composed with the projection onto D{M). The second arrow sends the universal 
element to the tautological element. 

Taking M = Pic°(X-^) and M' = NS{X-i:)Q in (120.611 . we obtain a central exten¬ 
sion of fc-groups 

(20.7) 1 ^ D{NSiXj^)Q) ^ 7reta(^,x) ^ 77(Pic°(X^)) ^ 1 

which is functorial in X. The fc-endomorphism nx* of 7retm(^, 2 ;) induces the nth 
power on I?(Pic°(X-j:)) and the n^th power on D{NS{X-j:)ci). 

The commutative fc-groups I?(Pic(X^)Q) and D{NS{X^)ci) are uniquely divis¬ 
ible, in the sense that the nth power morphism is an isomorphism for every n 0, 
because Pic(Xj:)Q and NS{Xj)q are Q-vector spaces. Rational powers of any 
point of these fc-groups are thus uniquely defined. Similarly for n ^ 0 the fc-group 
ZI(Pic*'(Xjr)) has no n-torsion, in the sense that the nth power morphism is a 
monomorphism, because Pic*^(X^) is divisible. 

Let G' and G" be commutative affine /c-groups. We write Alt^(G',G") for the 
abelian group of those morphisms of fc-schemes 

z-.G' XkG' ^ G" 

which are bilinear, i.e. z{g',—) and z{—,g') are group homomorphisms for every 
point g' of G', and alternating, i.e. z{g',g') = 1 for every g'. To every central 
extension G of G' by G" is associated its commutator morphism in Alt^(G',G"), 
given by factoring through G' G' the commutator of G, which sends the point 
{g, h) of G Xfe G to the point 

[g,h] = ghg~^h~^ 

of the fc-subgroup G" of G. 

We denote by 

cx e A\t\D(Pic°{Xj:)),D{NS{X^)Q)) 

the commutator morphism associated to the central extension (120.71) . By (120.61) . the 
cokernel of (j20.4(l is I?(Pic(A-j:)tors) and the kernel of (120.51) is D{NS{X-j:)'S>Q/Z). 
Since p0.4(l is the embedding of a central fc-subgroup and (120.51) is the projection 
onto the maximal commutative fc-quotient, Cx thus factors as 

i^(Pic°(X^)) XfcZ7(Pic°(A^)) DiNSiXj)^) 

rxr V 


D(Pic(A^) 

tors) Xfc Z7(Pic(A^) tors) ^ D{NS{Xt:) ® Q/Z) 

where r is the projection and v is the embedding. 
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The right arrow v of the above diagram is the embedding of the smallest A:-sub- 
group through which cx factors. It follows from this that if ji and j 2 are fc-homo- 
morphisms from D(NS{X-^)q) to a commutative affine /c-group G, and if G has no 
n-torsion for some n > 1, then the implication 

(20.8) ji OCX = j2 o Cx ji = j2 

holds. Indeed suppose ji ocx = j 2 o cx- Then jiov = j 2 o v because cx and hence 
V factors through the equaliser of ji and j 2 ■ Since the cokernel of v is the /c-torus 
D{NS{Xj)), the image in G of the difference of ji and j 2 is a fc-subtorus with no 
n-torsion and hence trivial. 

The describe the commutator cx explicitly, it is enough to determine its com¬ 
posite with the character Xi^/n of over k for every u in NS{X-^) and 

n ^ 0. This will be done in Proposition 120.51 below, using the Weil pairing e„ and 
the morphism ipi, defined by u from X^ to its dual. Recall (e.g. |Mum70[ p.l83]) 
that if X the dual abelian variety to X, the Weil pairing associated to X is the 
pairing 

e„ : X(k)ri X X(fc)„ -)> (F)„ 

of Galois modules defined as follows. If we regard X-j^ is a principal (Ker nx.^)-bundle 
over itself, its class in the tautological element, and A in X{k)n is the push 
forward of this class along the character x\ of K.ernx-j^- Then 

e„(a, A) = XA(a)“^ 

Given u in NS^X-j:), we write 

if^ : X-^^ Xj 

for the morphism over k that sends a to the class of {Ta)*C® , where £ is a line 

bundle over X with class v. 

The proof of Proposition 120 . 51 is based on the behavior of the groups TTf.t^{X,x) 
under translation, which we now describe. 

By (119.3p . the functor H^{X, x, —) on fc-groups of proetale by multiplicative type 
up to conjugacy is represented by 7retm(-^, a:) with universal element the class of 
7retm(^)-,x- Let y he a fc-point of X. Then the translation automorphism Ty of 
the fc-scheme X extends uniquely to an automorphism 

of the groupoid in /c-schemes (X, 7retm(-^))- A /c-point t of 7retm(A) such that 

(20.9) {doit),di{t)) = {y,x) 

exists if and only if 7retm(A)_^a, has a fc-point above y if and only if (Ty)*TretmiX)-^^ 
has a fc-point above x. Given such a t, define a /c-automorphism of 7retm(W, x) 

by 

( 20 . 10 ) ^,(g)=t-^9y(g)t. 

It is independent, up to conjugacy, of the choice of t. Since is an isomorphism, 
the push forward ^t*7ram(-A)_^a, of TTetm{X)_^x along is simply 7retm(A)__2, with 
the action p i-A- of the point g of 7retm(W, x). Thus we have an isomorphism 

p I—>■ 9y(p)t from Ct*T^etm(X)-^x to 7retm(A)__2, over Ty which is compatible with 
the actions of 7retm(A', cc). It follows that we have an isomorphism 

^t*'^etmi^) — ,x t {Ty) 7 Tq^^i^{X)— x 
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of principal Tr^tm (^, a:)-bundles over X. For G of proetale by multiplicative type, 
we thus have a commutative square 


Homfe (TT^tm {X,x),G)/G(k) 

(20.11) Homfe(6.G)/G(fe) 

Homfc(7r^tm(-’^, x), G)/G{k) 

with the horizontal arrows the natural bijections defined by the class of 7retm(^)-,x- 
For any n, the endomorphism nx of X extends uniquely to an endomorphism 

(nx,0n) : (X,7retm(^)) ^ (X,7retm(^)) 


-A H\X,x,G) 

(TyV 

-A H^iX,x,G) 


of the groupoid in /c-schemes (X, 7retm(-^))- Suppose that n ^ 0. Then may re¬ 
gard X as an etale cover of itself with structural morphism nx, and 7retm(^) acts 
uniquely on X over itself. If s is a point of 7retm(-^) with di{s) = x, then apply¬ 
ing (119.211 to this etale cover shows that there is a unique point t of 7retm(-^) with 
di{t) = X such that 0n(t) = s. Further do{t) = sx. 

For n 0 we have a short exact sequence of fc-groups 

(20.12) 1 TTetni{X,x) 7retm(-^, 2 ;) ^ Ker Ux 1, 


where is the projection. Let y be an element of X{k)n = (Kernx)(fc), and s be 
a /c-point of 7retm(-^, 2 :) with 

rnis) = y- 

Then there a unique fc-point t of 7retm(-^) with di{t) = x such that 


(20.13) 0n{t) = s. 

Now the fibre 7rani(-^, x) of 7retm(-^) above {x, x) acts on X over itself through the 
action of Kernx by translation. Thus sx = y, so that (120.91) holds. If we regard 
7retm(^5 x) as a normal fc-subgroup of itself embedded by nx*, then conjugation by 
defines a /c-automorphism C,s of Tietm(-^, a;), so that 

(20.14) nx*{C,s{g)) = s~^nx*{g)s. 

Since nx* is the restriction of On to 7retm(-^, 2 ), it follows from (120.101) that 


Cs = 6- 

In particular the square (120.111) commutes with Cs for 


Proposition 20.5. Let X be an abelian variety over k and v be an element of 
NS{X^). Then 

Xi^/n(cx(a,n )) = eni^Oji, n')') 

for any n ^ 0 and k-points a and a' of D(Pic^{X-^)) with respective images On and 
a'n in Zl(Pic(X^)„) = Kernx- 

Proof. We may suppose that k is algebraically closed. If we take G = Gm in (I20.11|l . 
and identify characters of Il(Pic(JX)) with characters of 7retm(-Y, 2 ) by inflation, 
then the inverses of the horizontal isomorphisms of (120.111) send the element y of 

H\X,x,Gm)=PHX) 

to the character of 7retm(-^, a^)- Suppose that /i lies above u, and let g and g' 
be fc-points of 7retm(^, a:) above a and a'. Then with as in (j20.12l) we have 
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= a'n- The square (120.1111 thus commutes with replaced by C.gi and y by 
a'n- Hence 

Xt^iCg'ig)) = 

Multiplying with XtJ.ig~^) gives 

Xti{Cg'{g)g ) ~ Xg>t,(a'n)i.g) ~ 

Since g'~^ commutes with nx*ig)g'nx*ig)~^, we have by (120.1411 

nx*{Cg'{g)g~^) = g'~^nx*{g)g'nx*{g)~^ = [nx*{g),g']- 

Since nx* is a monomorphism which acts as the nth power on Il(Pic*^(X)) and the 
n^th power on D{NS{X)q), it follows that Cg'ig)g~^ lies in D{NS{X)q) and 

Cg'{g)g~^ = cx(a”,a')^/"' = cx{a,a'y^'^. 

Thus Xg{Cg'{g)g~^) = X^/n{cx{a,a')). □ 

It follows from Proposition 120.51 that the largest fc-subgroup G of D{Pic^{X^)) 
for which cx{—,G) is trivial is its identity component 

^(Pic°(%)/Pic°(%)tors) = i?(Pic°(X^)Q). 

Indeed if v the class of an ample line bundle on X, then given a' and n with a'n ^ 0, 
we have ipv(a'm) ^ 0 for some multiple m of n, and hence Cmiam, ‘fvifl'm)) ^ 1 for 
some a. The centre of 7retm(-^, thus coincides with its identity component, or 
equivalently with the image of the embedding (120.4|l . 

Let G' and G" be affine fc-groups. Given z in Alt^(G', G"), we write 

G, 

for the affine fc-group with underlying fc-scheme G" x G' and product given by 
{g’',g'){h",h') = {g"h’'z{g',h’),g'h’). 

The embedding g" i-A (g", 1) of G" into Gz and the projection onto G' define on 
Gz a structure of extension of G' by G" with commutator morphism z^. Given 
also commutative affine fc-groups G'l and G"i and zi in Alt^(Gi, G"i), any pair 
j' : G' ^ G'l and j" : G" —)• G"i of fc-homomorphisms such that 

zio{j' Xfcj') =j"oz 

induces a fc-homomorphism Gz —t Gzj with underlying morphism of A:-schemes 
j" Xfe j'■ In particular for any integer n we write 

iiz : Gz Gz 

for the fc-endomorphism induced by the pair nc' and 

A commutative affine fc-group G will be called uniquely 2-divisible if 2g is an 
isomorphism. Every point g of G has then a unique square root 

Let G be an affine fc-group equipped with an involution, i.e. a fc-automorphism i 
with I? = 1g- Suppose that the fc-subgroup G' of invariants is central and uniquely 
2-divisible and that GjG'’ is commutative. Then [t{g),g] lies in G‘ for every point 
5 of G, so that 

Hg),g] = i'{Hg),g]) = [5g(5')] = [i-ig),g]~^ 

and hence [t(g),g] = 1. Thus L{g) commutes with g, so that gi{g) lies in G‘. It 
follows that g can be written uniquely in the form 


g = g+g- 
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with i{g+) = g and i{g-) = g Indeed g+ = {gi-{g)Y^^- If c in Alt^(G/G"', G"") is 
the commutator and u in Alt^(G/G'', G'") is given by 

u{g',h') = c{g',h'y/‘^, 

we then have an isomorphism 

(20.15) (G,r) ^ (G„, (-!)„) 

of fc-groups with an involution, which sends g to {g-^.,g) with g the image of g 
in GjG''. The isomorphism (I20.I5|) is natural in (G, 6). It is the unique fc-homo- 
morphism from G to Gu which is compatible with both the involutions and the 
structures of extension of G/G'" by G‘. 

Now let X be an abelian variety over k with base point x. Define 

ux e Alt^(D(Pic°(A^)),D(iV5(X^)Q)) 

by 

ux{g',h') = cx{g',h'Y/'^ 

The involution (—l)x* of 7retm(A, x) induces through the short exact sequence 
(I20.7|) the identity on D{NS{X-j^)Q) and the inverse involution on ZI(Pic°(A^)). 
Since D(Pic°(X^)) has no 2-torsion, it follows that 

7r,tm(A,x)(-b^* =D{NSiX^)Q). 

Thus (|20.15l) with G = 7retm(Ar, x) and l = (—l)x* gives by (120.71) an isomorphism 

(20.16) 7retm(A,x) AG„^ 

of /c-groups with involution. It is natural in A, by naturality of (120.15|) and functori- 
ality of (120.7|) , and is the unique fc-homomorphism compatible with the involutions 
and the structures of extension of D{Pic^(Xj^)) by D{NS{X-^)q). 

Proposition 20.6. Let X be an abelian variety with base point x. Then there is 
a unique element of H^{X,x,Gux ) which has image in i7^(A, x, Z?(Pic°(A^))) the 
tautological element and is fixed by the involution ((—l)x, (-1) UX ) of {X,Gux)- 
For any element a of F[^{X,x,Gux) with image m i7^(A, x, D(Pic°(A^))) the tau¬ 
tological element, the functor H^{X,x, —) on k-groups of proetale by multiplicative 
type is represented by Cux with universal element a. 

Proof. Let j be a A:-homomorphism from 7retm(A', x) to Gux- Then the image Uj of 
j under the bijection 

Hom/j;(7r4tjjj(A,x),) y U (^X,x,Gux) 

defined by the universal property of 7retm(A, x) lies above the tautological element 
if and only if j is compatible with the projections onto D(Pic°(A-^)). When this 
condition holds, j is also compatible with the embeddings of D{NS{X-^)ci), because 
j then induces an endomorphism ji of D{NS{Xj:)q) which satisfies ji o cx = cx 
and hence is the identity by (120.8|) . Since aj is universal if and only if j is an 
isomorphism, the second statement is clear. By (119.51) with / = (—l)js: and G = 
Gux-: tbe element aj is fixed by the involution ((—l)jv, (~l)ux) if only if j is 
compatible with the involutions (—l)js:* and (—l)«x- Thus (120.161) is the unique j 
for which aj lies above the tautological element and is fixed by ((—l)x, (~l)iix)- 
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We may identify with Cux using (|20.16L With this identification, 

the universal element in 

H\X,x,Cux) 

is the unique element of Proposition 120.61 which is fixed by ((—l)x, (~l)«x) ^-ud 
which has image in H^{X,x,D(V\c^{Xj))) the tautological element, because by 
(I19.5P the universal element in H^{X,x,TTetm{X,x)) is fixed by ((—l)js:, (—l)x*)- 
Similarly, by naturality of (j20.16L the fc-homomorphism /* : Cux defined 

by a commutative diagram of the form (119.51) for a morphism / : (X, x) (X', x') 
of abelian varieties coincides with that defined by functoriality of Cux ■ lu particular 


Tlx* — ^ux 


for any n. 

With the identification of Tietm [X, x) and Cux ; have a commutative diagram 


(20.17) 


77(Pic(X^)Q) 

I 

D{NS{Xj:)ci) 


Cu 


Cu 


-A 7^(Pic(X^)) 

1 

-A D{Pic^{X^)) 


where e is (120.41) . p is (120.51) . the bottom row is (120.7p . the left vertical arrow is 
the embedding and the right vertical arrow is the projection. It is functorial in X. 
By compatibility of (120.161) with the extensions, the bottom row of (120.171) is the 
canonical structure of extension defined by Cux ■ The fc-homomorphism po e is that 
defined by the canonical homomorphism from Pic(X^) to Pic(X'j:)Q. 

When applied with G = I?(Pic(Xjr)Q) and i defined by (—Ijjv, (120.15|) is the 
decomposition 


Z7(Pic(X^)Q) = DiNS{Xj:)ci) Xk 77(Pic°(X^)Q), 


where NS{Xj)q is identified with the Galois submodule of Pic(X^)Q of invari¬ 
ants under (—l)x, and the projections are defined by the embeddings. Since e in 
(j20.17p is compatible with the involutions, it is uniquely determined by the induced 
/c-homomorphisms from Z1 (XS'(X^)q) to D{NS{X-j:)ci) and from Zl(Pic°(Xjr)Q) to 
Zl(Pic°(Xjr)). The first is the identity, by the left square of (120.171) . and the second 
is that defined by the canonical homomorphism from Pic°(X-j:) to Pic°(X-^)Q, by 
the right square. 

Since the fc-subgroup of invariants of Zl(Pic(X|:)) under the involution induced 
by (—1 )a: is the torus D{NS{X-j:)), and hence not uniquely 2-divisible, it is less 
trivial to determine p in (120.171) explicitly. To do so, note first that by (120.17L the 
restriction of p to the fc-subgroup Z?(XS'(X^)q) of Cux is defined by the canoni¬ 
cal homomorphism from Pic(X-j:) to NS{X-^)q. It thus suffices to determine the 
restriction 

p_ : D{Pic°iXj)) ^ D(Pic{X^)) 

of p to the fc-subscheme Z?(Pic°(X-j:)) of Cux- This fc-subscheme consists of those 
points s of Cux (“l)ux sends to s“^. If X is of dimension > 0, it is not a 
fc-subgroup of Cux ^ ^n.d in fact p_ will not be a fc-homomorphism. 

To determine p_, we use the decomposition 


77(Pic(X^)) = Z7(Pic(X^)(-i)-) XniPicix^),) i^(Pic°(X^)), 
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with the projections defined by the embeddings of the Galois submodules into 
Pic(X|:). This decomposition holds because Pic°(Xjr) is 2-divisible, so that above 
every element of NS{Xj) there exists an element of Pic(X|:) fixed by (—Ijx- By 
the right square of (120.171) . the compomenent of p_ at iD(Pic°(X^)) is the identity. 
It remains to determine the component 

p+. : DiPic^iXj)) ^ i?(Pic(X^)(-i)-) 

ofp_ at D(Pic(X^)(“^^^). 

To determine p-|_, define for each A in Pic(Afj:)(“^)^ a map of Galois sets 

ex:X(k) 2 ^{±l}ck*, 

as follows. Let £ be a line bundle over Xj with class A. Then there is a unique 
involution j of £ above (—1)^.^ which acts as +1 on Cx- Now X{k )2 is the fixed 
point set of X{k) under (—l)jf. We define s\{y) as the action of i on Cy. In general, 
is not a group homomorphism. Since iA(Pic(X) 2 ) is a finite etale fc-scheme with 
Galois set of fc-points X(k) 2 , and since s\{y) is additive in A for given y, there is a 
unique morphism of A:-schemes 

e : D{Pfc{Xj)2) ^ D(P\c{X^)^-^^-) 

such that 

Xa(£( 2 /)) = ex{y) 

for each y in X{k)2- We now show that _factors as 

DiPic^iX^)) ^ DiPic{XT:)2) A i?(Pic(X^)(-B-), 
where the first arrow is the projection. 

To see that p_|_factors as above, we may suppose that k is algebraically closed. 

Let s be a fc-point of Z3(Pic°(Af-j:)) with image y in D{Pic{Xj:)2). It is to be shown 
that for every A in Pic(X)(“^i^ we have 

Xa(p+-(s)) = ex{y). 

Let £ and i be as above, and write £* for the the complement of the zero section 
of £, regarded as a principal Gm-bundle over X. After equipping £* with a base 
fc-point above x, the class of £* is the push forward of the tautological element in 
H^{X,x,D{Pic{X)^~^'>’^)) along xa, and hence the push forward of the universal 
element of H^{X,x,Cux) along the composite 

P\ '■ Cux Gr m 

of the component of p at iA(Pic(A)*^“^)^) with x\- There is thus a unique morphism 
qc ■ 7 retm(W)_^a, —>■ £* of schemes over X which preserves base fc-points such that 

(PXiQc) '■ (Cux T'^etmiX)-^x) (Gm,£*) 

is compatible with the actions of Cux = 7>‘etm(Al, x) and Gm- Further {lx,px,qc) 
is compatible, by the universal property of Cux ^ with the involution of 

(A, Cux 5 ^etm(A)_ a;) 

induced by (—l)x and the involution ((—Ijx, I,*) of (A, Gm,£*)- The involution 
of {Cux I '^etm(A)__a;) defined by (—l)x is given by restriction of the involution 9-i 
of 7 retm(A). By (120.131) with n = 2, we have 

6 » 2 (t) = s 
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for a fc-point t of such that (j20.9p holds. Thus t is a /c-point of 7r4tm(-^)-,x 

above y. Then 0_i(<) is also a fc-point of TT^tm{X)-^x above y. We have On{s) = s", 
because 0n restricted to Cux is nux ■ Hence 

92 { 0 -i{t)s) = 6»2(6»_i(t))6»2(s) = 6>_i(6>2(t))s^ = 6'-i(s)s^ = s. 

Since 62 is a momomorphism, it follows that 

0 -i{t)s = t. 

Applying (p\,qc), we have by compatibility with the actions and the involutions 

i{qc{t))p\{s) = qc{t). 

Since xa(ph _(s)) =Pa(s), the required equality follows. 

When X is an elliptic curve, NS{Xj) is Z with the trivial Galois action. Thus 
D{NS{X^) (g) Q) is D{Q), so that ux is a fc-morphism 

ux : D(Pic°(Xj,)) Xfe D(Pic°(Xj,)) ^ D(Q), 
and D{NS{X-^) (g) Q/Z) is D{Q/Z) = lim„/x„. 

Theorem 20.7. Let X be an elliptic curve over k with base point x. Then there 
exists an element of H^{X,x, Cux) with image in 

H\X, X, D{Pic\X^))) = H\X, X, DIPk^{X^))) 
the tautological element. If a is such an element, and if /3 is the image in 

H\X,SL2) = H\X,x,SL2) 

of a non-zero element of H^(X,Ga) under an embedding Ga SL 2 , then the 
functor H^(X,x,—) on reductive k-groups up to conjugacy is represented by 

Cux SL 2 

with universal element {a, {3). 

Proof. The existence statement is clear, because the image oq in H^{X,x,Cux) 
of the universal element in H^{X,x,Cux) ii®s above the tautological element in 
H^{X, X, I?(Pic°(A^))). If also a lies above the tautological element, then by (119.31) 
and Proposition 120.61 there is a fc-automorphism of Cux which sends oq to a. To 
prove the representation statement, we may thus suppose that a = a^. Then a 
is the class of 7retm(A)__a;. Let P be a principal S'L 2 -bundle over X with class /3. 
Then (15.6p and Theorem 120.41 show that 

^ ^ P) = Mc^x (T^etmiX) - X [x] ISOg^^ (P) 

is universally reductive over X. The representation statement now follows from 
Lemma 116.31 □ 

Let X be a fc-scheme such that Xj is the underlying fc-scheme of an abelian 
variety over k. Then X has a canonical structure of principal homogeneous space 
under its Albanese variety Xq. Thus X defines a class in the Weil-Chatelet group 

colimH\Gal(k/k),Xo(k)u) = H^(Gal(k/k),Xo(k)) 

n 

of Xq. Since translation acts trivially on Pic°((Ao)-j:), we have a canonical isomor¬ 
phism 


Pic°(A^) ^ Pic°((Ao)fc) 












108 


PETER O’SULLIVAN 


of Galois modules, given by the isomorphism (dfo)fc ^ X-j: defined by any fc-point 
of X. Similarly we have a canonical isomorphism 

NSiX^:) ^ NSiiXoh) 

of Galois modules. We then have a morphism 

ux : D{Pic°{Xj)) X D{Pic°{X^)) ^ D{NS{X^) <S> Q) 

which coincides, modulo these isomorphisms, with uxo as defined above. 

For every n ^ 0 we have a short exact sequence 

Tit, xr 

1 C'ux —^ ^ 

of A:-groups. Taking points in k gives a short exact sequence 

_ riu V _ _ 

(20.18) 1 —>■ Cux {k) -^ C!ux (^) Xo[k)n 1 

of topological groups with an action of Gal(A:/fc). Further for every m ^ 0 we have 
a morphism 

1 -^ CuxW Cux(k) -1 Xo^nm -1 1 

rriz 

_ n^, XX _ _ 

1 -^ C^x(k) -^ Cuxik) -^ Xo{k)n -^ 1 

of short exact sequences of topological groups with an action of Gal{k/k). Using 
the functoriality of the connecting map in (119.8L we thus obtain a map 

(20.19) cohmi?^(Gal(fc/fc),Xo(fc)„) £{Ga\{k/k),Cux{k))/XQ{k)tors 

n 

which assigns to each element of the Weil-Chatelet group of Xq an orbit in the 
set of isomorphism classes of extensions of Gal(fc/fc) by Cux ik) under the action of 
X[){k)tors on Cux{k). In Theorem 120.81 below we consider instead of the target of 
(120.191) the coarser quotient 

( 20 . 20 ) £{Ga\{k/k),Cux{k))l^om^{D{P\c\XT^))j,D{NS{Xj)(i>Cl)j) 

by the group of all fc-automorphisms of {Cux)k We obtain a 

canonical class in (j20.20ll by taking the image of the class of X in the Weil-Ghatelet 
group of Xq under (120.191) and then projecting onto (120.201) . 

For some n ^ 0, the class of X in the Weil-Chatelet group of Xq is annulled 
by n. Then there is an isomorphism, compatible with the actions of Xq, from the 
push forward of X along nxo to Xq. Choosing such an isomorphism, we obtain a 
morphism 

compatible with the actions of Xq and nx^ ■ Restricting the action of Xq on X to 
KernjVo then gives a structure of principal (Kernxo)-bundle over Xq on X. The 
fibre X^^ of X above the base point Xq of Xq is thus a principal homogeneous 
space under Ker nxa ■ Let x be a /c-point of X above xq . Then the class of Xxg in 
i/^(Gal(fc/fc),Xo(fc)„) is represented by the section 

(20.21) Gal(fc/fc) ^ XQ(k)u X Gal(fc/fc) 

of topological groups that sends a to {t, a) with t defined by xt = '^x. 
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The composition of 7r4tm(^) defines a right action on the scheme 7r^tm(dir)-,x 
over XjT by the transitive affine groupoid 

F = 7retm(-’i^) X[x] [Spec(fc)] 

over k given by pullback along the inclusion of x. This action makes 7retm(-^)-,x a 
principal J^-bundle over X. We have 

F'i-s = = iCu.h 

and the class of the underlying principal F‘^*®'S-bundle over X-j: of 7retm(-^)-,T das 
image in 

i/i(%,i^(Pic°(X^))^) 

the tautological element. 

The unique morphism 

Tetm(^) ^ Tetm(^o) X [Xq] [^] 

of groupoids over X induces by pullback along [Spec(fc)] —>• [X] a morphism 
F —>■ 7r6tm(-^0,a:o)[Spec(fc)] = (^«v)[Spec(fc)] 
of groupoids over k whose restriction to the diagonal is 

{'^ux)k ■ iF'ux)'k {F!ux)k- 

Passing to fc-points over k then gives by (119.211 a morphism 

1 - > Cuxik) - > F{k)-j: - > Gal(fc/fc) - > 1 

11 . _ 1 _ _ i _ 

1 - > Cux{k) - > Cux{k) X Gal(A:/fc) - > Xo{k)n x Gal(fc/fc) - > 1 

of short exact sequences of topological groups, where the left bottom arrow is 
defined by Uux and right vertical arrow is (120.2111 . By definition of the connecting 
map of (119.811 . the image of the class of X^g in H^{Gal{k/k),Xo{k)n) under the 
connecting map associated to (120.1811 is thus the class in 

£:(GalCfc/fc),C„^(:fc))/Xo(:fc)„ 

of the extension F{k)-^. It follows that the class of the extension F{k)^ in (120.2011 
is the canonical class. 

Let E he a, topological extension of Ga\{k/k) by Cux{k) with class in (120.2011 
the canonical class. It can be seen as follows that {{Cux)k^ ^ Galois extended 
/c-group, and that there exists an element in H^{X, (Cux)kjF) with image under 

H\X, {C^x)k.E) ^ H\X^, {Cux)k) ^ 

the tautological element. It is enough to check this for one extension E. Ghoose 
an X — >■ Xq and an x as above, and take E = F{k)^. Then {{Cux)k^F) is the 
Galois extended fc-group associated to the groupoid E over k, and the principal 
F-bundle 7r,5tm(X)_^^ over X defines an element of H^{X,{Cux)kjF) with the 
required property. 
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Theorem 20.8. Let X he a geometrically connected smooth projective curve of 
genus 1 over k, and E be a topological extension o/Gal(fc/fc) hy with class 

in (120.201) the canonical class. Then i{Cux)kjE) *5 ® Galois extended k-group, and 
there exists an element in H^{X, (Cux)^^^) with image under 

H\X, {Cuxh,E) ^ H\Xt:, {Cux)k) ^ 
the tautological element. If a is such an element, and if /3 is the image in 
H\X, SL 2 ) = H\X, (5L2)fe, SL 2 (k) Ga\(k/k)) 

of a non-zero element of H^{X, Go) under an embedding Ga SL 2 , then the 
functor H^{X, —) on reductive Galois extended k-groups up to conjugacy is rep¬ 

resented by 

{{Cux)k,E) X {{SL2)^,SL2(k) X Ga\(k/k)) 
with universal element (a, ft). 

Proof. The existence statement has been proved above. To prove the representation 
statement, we reduce by Corollary 116.161 to the case where k = k is algebraically 
closed. In that case X has a fc-point x and H^{X,—) = H^{X,x,—), so that the 
result follows from Theorem 120.71 □ 
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